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ABSTRACT. These are the lecture notes accompanying the lecture “Represen-
tation Theory” offered at the University of Bern in the Autumn Semester 2021.
Sections will be added as the semester goes on. There are undoubtedly still
many typos and errors. Please inform me of any typos/errors you find, and
feel free to contact me with any other questions.
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Introduction

If you ask 10 mathematicians the question “what is representation theory?”,
you will most likely get 10 different answerﬂ Here is my answer:

Representation theory is the study of symmetries of vector spaces.

The aforementioned symmetry is encoded by an algebraic object acting on the
vector space. In this course, we will deal with representation theory of groups, so
this algebraic object will be a group.

Scope of the course. This course can be roughly divided in two parts:

(1) Representation theory of finite groups (over C): This is the canonical
thing to teach in any first course on representation theory, and for good
reasons. After introducing basic concepts in representation theory and
proving some first important results (in particular: Maschke’s theorem on
complete reducibility and Schur’s lemma), we will introduce a powerful
tool named character theory. Thanks to character theory, we can basically
understand everything about the representation theory of any given finite
group.

(2) Representation theory of the symmetric group and the general linear group:
Two of the most important groups are the symmetric group G4, and the
general linear group GL(n,C). For any fixed d, we can already understand
the representation theory of G4 by using the methods of part . We will
begin part with a systematic study of the representation theory of
G4 for all d simultaneously; this involves some beautiful connections with
algebraic combinatorics (keywords here are “Young tableau” and “Schur
polynomial”). The general linear group GL(n,C) is not a finite group,
but it is deeply related to the symmetric group via Schur- Weyl duality,
which will allow us to understand its representation theory as well.

Limitations. Representation theory is a vast subject and obviously we can
only scratch the surface within the scope of any one-semester course. At the end
of the course we will have seen a first glimpse of representation theory of algebraic
groups (or if you want: Lie groups); a natural next step would be a general study
of representation theory of algebraic groups or Lie groups (and this is indeed the
next thing that is done in our main reference [FH91|]). An important tool for this
which I most likely won’t be able to introduce even in the case of GL(n,C) is the
notion of a Lie algebra.

We will restrict ourselves to the field C during this course. Almost everything
we do will be equally valid for other algebraically closed fields of characteristic zero,
and for studying representation theory over non-algebraically closed fields one can

11 guess the same is true for most areas of Mathematics
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8 INTRODUCTION

get quite far by passing to the algebraic closure. On the other hand, representa-
tion theory over fields of positive characteristic (known as modular representation
theory) is an active area of research which is far outside the scope of this course.

Finally, there are many other flavors of representation theory, like representa-
tion theory of associative algebras or of quivers, that we won’t even have time to
mention.

Prerequisites. The only formal prequisite for this course is a good working
knowledge on linear algebra. I will also assume a little bit of familiarity with group
theory: all the necessary background on groups will be recalled in the first lecture,
but we will go over this quite fast.

In the current semester there is also a course on associative algebras taking place
at the university of Bern. Both courses are independent from one another, but there
will be some amount of overlap, in particular when we discuss the group algebra of
a finite group. I am not going to assume that all participants of the Representation
Theory course are also taking Associative Algebras, but I still wanted to point out
this connection.

References. For part (1} we will follow Lectures 1,2,3 in [FH91] quite closely.
Another excellent classical resource for this material is [Ser77|. The main reference
for part [2| are lectures 4 and 6 in [FH91J.

Chapter 10 of [MS21] gives a brief overview of representation theory, but
sometimes without proofs. In fact, my original goal when planning this course was
to cover the material in that chapter, but more in depth.

Practicalities related to the course.

e The lecture takes place every Thursday 8:15-10:00 in ExWi room B116,
from September 23 up to and including December 16.

e Please remember that university regulations currently require all partic-
ipants to have a valid COVID certificate in order to attend the lecture.
Participants are also required to wear a mask.

e The only formal requirement to pass the course is to pass the oral exam
at the end of the semester. In particular, there is no “Testatbedingung”,
and you are not required to attend the lecture or solve/hand in exercises
(but you are of course encouraged to do so!). More info on the exam will
follow later.

e There will be (non-obligatory) homework exercises every two weeks, which
you can hand in via ILTAS. T will then provide feedback on your solutions.
Every homework will be accompanied by an exercise session (which will
occupy one half of that day’s lecture, i.e. 45 minutes). The first homework
will appear online at some point between lectures 1 and 2; the first exercise
session will be during lecture 3. T might shift the frequency of the exercise
sessions around a bit if that fits better with the course material.

e Any parts marked with a * can be safely ignored: I will not build on them
further nor ask about them in the exam.

e There is a forum on ILIAS that you can use to ask any (practical or
mathematical) questions related to the lecture. You can of course still ask
me questions live during or after the lecture, or contact me via e-mail.



CHAPTER 1

Preliminaries

This chapter contains background material on group theory and on linear alge-
bra that will be used throughout the course. The section on group theory essentially
starts from scratch. For the section on linear algebra I will assume familiarity with
basic linear algebra; the section is instead focused on introducing the tensor prod-
uct, which we will use very often. The study of tensor products and related notions
is sometimes referred to as multilinear algebra, hence the title of the section.

In an attempt to balance between providing enough background material to
get everyone on the same page, while at the same time not getting bogged down
for too long before starting with the actual content of the course, I decided to
do the following: In the first lecture of the semester we will quickly go through
the section on group theory, assuming that most things there are familiar from a
previous course in group theory. The remaining part of the first lecture will be
spent on going through the chapter on tensor products (more slowly, as I won’t
assume everyone is familiar with this). Independent of how far we get, in lecture
2 we will jump to Chapter 2 and start doing representation theory; the remaining
background on multilinear algebra we be introduced when we need it.

Both sections might be updated later in the semester, if I realize I forgot to
introduce something important.

1. A brief recap on group theory
Definition 1.1. A group (G,e,*) consists of

e aset G,
e a chosen element e € G, called neutral element,
e a binary operation

+:GxG =G
(g,h) = gxh

satisfying the following axioms:

e Associativity: for all f,g,h € G, we have
fx(gxh)=(f*g)xh,
e Neutral element: for all g € G, we have that
exg=g*e=g,

e Inverse element: for each g € G, there exists a g~! € G such that

grg l=e=glxg

9



10 1. PRELIMINARIES

The group is called abelian, if the operation is commutative, i.e. for all g,h € G we
have

gxh="hxg.

Remark 1.2. As the neutral element is uniquely determined, one usually writes
(G, ) instead of (G, e, ), or even just G if the operation is clear from the context.
Additionally, when dealing with a group G = (G, -), we will often write gh instead
of g-h.

Definition 1.3. A homomorphism (or simply morphism) of groups (G, *g) and
(H,*py) is amap ¢ : G — H respecting the multiplication: ¢(g1 g g2) = ©(g1) *u
©(g2). If ¢ is a bijective (resp. injective/surjective), then it is called an isomorphism
(resp. monomorphism/epimorphism). Note that if ¢ is an isomorphism, then the
inverse map ¢! : H — G is also a morphism (and hence an isomorphism). If there
exists an isomorphism between G and H, we say G and H are isomorphic, and
write G = H.

1.1. Examples.

Example 1.4. Here are some first examples of abelian groups:

e The integers Z form an abelian group with respect to addition.

o If (k,+,-) is a field, then (k,+) and (k\ {0},-) are abelian groups.

e For n € Z, we have the cyclic group (Z/nZ,+), which is a finite abelian
group. The elements of Z/nZ are the numbers 0,...,n — 1, and the
operation is addition modulo n.

Example 1.5. Consider a square in the plane. The set of isometries of the plane
that leave the square invariant is a non-abelian group (with group operation being
composition), known as the dihedral group Dg. It has 8 elements: the identity,
three rotations, and four reflections.

More generally, for n > 3 the set of isometries of a regular n-gon is a non-abelian
group with 2n elements, known as the dihedral group Do, .

Example 1.6. For d € N, the symmetric group S, is the set of all bijections from
the set [d] := {1,2,...,d} to itself, with operation given by composition. & is a
finite group, with d! elements. It is customary to denote elements in S, by cycle
notation. For instance, (164)(25) € G4 denotes the permutation that sends 1 to 6,
6to4,4to1,2to5, 5 to2, and fixes 3.

The sign (or signum) of a permutation o € G is defined as sgn(o) := (—1)N (),
where N (o) is the number of pairs (4, j) € [d]? with i < j but o(i) > o(j). It can also
be defined by writing ¢ as a product of transpositions (ab); then sgn(o) = (—1)™,
where m is the number of transpositions.

More generally if X is a set we can consider the group Gx of bijections from
X to itself. If | X| = d < oo then &Gx = &, (by identifying | X| with {1,...,d}).

Example 1.7. Let V be a k-vector space. The general linear group GL(V) is the set
of automorphisms of V' (i.e. invertible linear maps from V to itself), with the group
operation being composition. If V' is n-dimensional and we choose a basis, we can
identify GL(V) =: GL(n, k) with the group of invertible n x n matrices. The special
linear group SL(n,k) C GL(n, k) is the subgroup of matrices/automorphisms with
determinant one.
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1.2. Conjugacy classes.

Definition 1.8. We say that two group elements g1, go € G are conjugate to each
other if there exists a h € G such that h='gih = go. One can easily verify that
being conjugate is an equivalence relation; the equivalence classes with respect to
this equivalence relation are called conjugacy classes.

Example 1.9. If G is abelian, every element is only conjugate to itself. Hence the
conjugacy classes are singletons.

Example 1.10. Two matrices in GL(n,C) are conjugate if and only if they have
the same Jordan normal form.

Exercise 1.11. Describe the conjugacy classes in &3. What about &, for general
d? (See Proposition for the answer.)

1.3. Group actions.

Definition 1.12. Let G be a group and X be a set. A left group action of G on
X isamap ¢ : G x X — X such that ¢(e,z) = 2 and

(1.1) ¢(gh,x) = ¢(g, ¢(h, x)),

for all z € X and g,h € G. Similarily, a right group action of G on X is a map
¢: G x X — X such that ¢(e,z) = z and

(1‘2) d)(ghax) = (b(th)(gvx))?
for all z € X and g,h € G.
For left group actions, we typically write ¢(g,2) =: g - 2 so (1.1) becomes

(gh) -z =g (h-x).
For right group actions, we write ¢(g,z) =: x - g, and becomes

z-(gh) = (z-g)-h.

An action is called faithful if the only g € G that acts trivially is the neutral
element:
(g, z) =2 VeeX = g=ce.

For every « € X, the set {¢(g,z) | g € G} C X is called the orbit of x. The orbits
of X form a partition of X, with two elements x and y belonging to the same orbit
if and only if there is a g € G such that g -z = y. If there is only one orbit (that

is, for every = and y in X there is a ¢ € G such that g -z = y) we call the action
transitive.

Example 1.13. The symmetric group Gx acts on the set X by definition: for
x € X and o € &x (thatis, 0 : X — X abijection), we have 0-z := ¢(0, x) := o(z).
This is a left action since the group operation on G x is the composition o of maps,
and by convention o o ¢/ means we first apply ¢’, and then apply o.

In fact, equipping a set X with a left action of a group G is equivalent to giving
a morphism G — Gx. This morphism is an injection if and only the action is
faithful.

Example 1.14. Every group acts on itself from the left, by ¢(g,h) := gh. This
action is faithful and transitive. In particular, it now follows from Example [[.13]
that every (finite) group can be embedded into a (finite) symmetric group.
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Example 1.15. For any group G, we have another (left) action of G on itself,
namely by conjugation: ¢(g,h) = ghg™'. The orbits of this group action are the

conjugacy classes.

1.4. Subgroups, normal subgroups, quotients. The notions of subgroup
and normal subgroup are central in any introductory course in group theory. They
will be less essential for us, as we will often just work with one fixed group.

Definition 1.16. A subgroup of a group (G,-) is a subset H C G that is closed
under the group action. We write H < G. For g € G, we have the left coset
gH = {gh | h € H}, and the right coset Hg = {hg | h € H}. These can also be
seen as orbits of group actions, namely of the action of H on G by right (respectively
left) multiplication.

If in addition gHg~* = H (or more precisely h € H,g € G = ghg~! € H,
or in other words H is invariant under conjugation), then we say H is a normal
subgroup and write H < G. In this case the left and right cosets agree: gH = Hg
for every g € G. The set of cosets is denoted by G/H and naturally inherits a
group structure from G via (gH) - (¢’H) := gg’H. The group G/H is called the
quotient of G and H.

2. A crash course on multilinear algebra

Here we introduce some constructions in multilinear algebra, that will appear
all over the place during later lectures. You might have encountered some (or all)
of them in a linear algebra course or somewhere else in mathematics. We will work
over a fixed field & (which you can safely assume to be C). Almost all vector spaces
we encounter will be finite-dimensional (and even the infinite-dimensional ones will
usually come equipped with a basis).

2.1. Dual vector spaces. We briefly recall the notion of dual of a vector
space.

Definition 2.1. Given a vector space V, its dual V* is the space Hom(V, k) of
all linear forms on V.

If V is an n-dimensional vector space, then V* is also n-dimensional, but there
is no canonical way of identifying V' with V*. Given a basis ej,...,e, of V, we

1 ifi—
? Z j_’ Then e; — €}

0 iféi#j.

gives an isomorphism between V and V*, but it depends on the chosen basis.

can define the dual basis e}, ..., e} by ef(e;) = 0; ; :=

Remark 2.2. If V is finite-dimensional, then there is a canonical identification
between V' and (V*)*, which is given by sending v € V' to the map eval, : V* — k
that sends 3 € V* to §(v). We will in the future always identify (V*)* with V.

2.2. Tensor products. Given two vector spaces V and W, we can build a
new vector space V @ W out of them called the tensor product. There are (at least)
two ways to define the tensor product: we begin with the most down-to-earth one.

Definition 2.3. Let {e;},c; be a basis of V and {f;};cs be a basis of W. Then
V @ W is the vector space with basis {e; ® f;}ier,jes. Moreover, for every v € V
and w € W, we have an element v @ w € V ® W defined as follows: if v = > a;e;
and w = 37b;f;, then v @ w 1=}, ;(aibj)e; ® f;.
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Even more explicitly, if V = k™ and W = k™, then V ® W is the space of n xm
matrices: e; ® e; is the matrix E;; with a 1 on position (¢, j) and 0’s everywhere
else, and more generally v ® w is the product vw? (where we interpreted v and w
as column vectors).

It is important to realize that not every element of V ® W can be written in
the form v ® w (but it can always be written as a linear combination ), v; ® w;,
in many different ways). If V.= k™ and W = k™, the tensors of the form v ® w are
precisely the rank one matrices. We will call tensors of the form v ® w pure.

From the definition, one can deduce the following calculation rules:

(2.1) (M) @w =1 (M) =Avew),
(2.2) (11 4+v2)@w=v1 QW+ vy ®w,
(2.3) VR (w1 +w2) =v@wy + v wa.

Remark 2.4. An alternative way of defining V@ W is as a quotient F(V x W)/Z,
where F(V x W) is the free vector space on the set V' x W (which is the infinite-
dimensional vector space with basis {e, ., | v € V,w € W}), and Z is the subspace

generated by the analogues of (2.1}}2.2]12.3)):

(24) Exv,w — )\ev,w and Cv w — Aev,wv
(25) Evy4vo,w T Cup,w T Cugws
(26) ev,w1+w2 - e’U,’wl - e'U,'lUQ'

The identification with our previous construction is given by sending the equivalence
class of ey to v @ w.

Remark 2.5. * The tensor product V ® W comes equipped with a bilinear map
d)v)w!VXW—)V@W
(v,w) = v w.

The pair (V ® W, ¢v,w ) satisfies the following universal property: suppose U is any
other vector space and ¢ : V x W — U any bilinear map. Then there is a unique
linear map ¢ : V. ® W — U such that ¢ = ¥ o ¢y, i.e. such that the following
diagram commutes:

ov,w

VW — VW

® <

U

Put briefly: giving a bilinear map from a product of vector spaces is the same
as giving a linear map from their tensor product.

If (VeW, év,w : V. x W — VQW) were any other pair satisfying the same
universal property, one can verify that there is a (unique) isomorphism a : VW =,
V&W such that q’;V,W = a0 ¢y, . Because of this, we can think of the universal
property as giving a definition of the tensor product.

Remark 2.6. Taking the tensor product is a functorial construction. That is
to say, if we have linear maps f : V — V' and g : W — W/, they induce a
linear map f® g : VW — V'@ W. On pure tensors, f ® g is given by
(f®g)(vew) = f(v)®g(w). This has all nice properties you might expect, like
(fogo(f®g)=(fof)®(god).
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Exercise 2.7. Consider the linear maps f,g : C?> — C2 corresponding to the

matrices | '' %12 and bir bz (where we picked the standard basis {e1,es}
as1 Aa929 b21 b22

of C?). Write down the matrix corresponding to the linear map f® g : C?® C? —
C? @ C? with respect to the basis e; @ e1,e1 @ €2, €9 ® €1,€2 ® ea.

If V1,..., V4 are vector spaces we can define their tensor product V; ® --- ® Vjy
by generalizing any of the definitions above:

Definition 2.8. Let {e;;}ics, be a basis of V;. Then V1®---®@Vj is the vector space
with basis {e1;, ®...® eq,i,}i;er,- Moreover, for every (vy,...,vg) € Vi x ..., Vy,
we have an element 11 ®...Qvg € V1 ®...®V; defined as follows: if v; = Zi a; i€,
then v1 ®@ ... Qvg =Y (a1,4; * Cdyiy)€1iy Q-  €diy-

We again have the calculation rules:
(2.7) VMR..OMN®...0U =A(11®...0U;Q...R0vg),
MR..QW+V)®..0U=018...00,®... Qv

(2.8) ’
+11®...0U,8... 8 v4.

Remark 2.9. (This is just the analogue of Remark there is probably no point
in reading this.) The tensor product V; @ - -- ® V4 can also be defined as a quotient
F(Vi x -+ x Vg)/ ~, where F(V] x --- x V4) is the free vector space on the set
V1 x -+ x Vg (which is the infinite-dimensional vector space with basis {ey,,.. v, |
v; € V;}), and ~ is the subspace generated by the analogues of (2.7][2.8):

(29) Cvyyei AV 0g T )‘ev1,~-7vi,-~7vd’

’
i

(210) €1, vitv), g T Cur,evisva T G, vl g

The identification with our previous construction is given by sending the equivalence
class of ey,,... v, 10 V1 ® - @ vg.

Remark 2.10. * The universal property from Remark also holds, with the
bilinear map ¢y, replaced by the multilinear (that is, linear in every argument)
map

¢V1,‘..,VdIV1X...XVd—>V1®...®Vd
(Ul,...,vd)»—>v1®...®vd.

The universal property then says that ¢y, . v, is the universal multilinear map
from V1 x ... x Vy. If you really want to you can spell out the details as an exercise.

Remark 2.11. Taking the tensor product is commutative, associative, and dis-
tributive. That means that we have natural isomorphisms

VeoWw=2weV
VRQUW W,

Ua(VeW)2UVeaW2UV)eW
U VW) ruRvWw— (LRV) w,

Ug(VeW)= U V) UaW)
u® (v,w) = (LR V,u®w).
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Remark 2.12. To avoid confusion about the symbols x and &: for V and W vector
spaces, both V' x W and V @ W mean the same thing, namely the set {(v,w) | v €
V,w € W}, which is naturally a vector space of dimension dimV + dim W. We
usually write V' x W when talking about bilinear maps, and V' & W in all other
cases.

We probably won’t encounter this, but just to point this out: when dealing
with infinite direct product and sums, X;c; V; is no longer the same as @, Vi:
the former is the set of all tuples (v;);er, the latter is the set of all such tuples for
which only finitely many v; are nonzero.

Example 2.13. We have a natural isomorphism
V* @ W = Homy(V, W)

Bew= (v 550 w)
where Homy, (V, W) denotes the space of linear maps from V to W.

Exercise 2.14. Let V be a finite-dimensional vector space.
(1) Construct a natural linear map V* @V — k.
(2) Together with the isomorphism from Example we get a linear map
Homy(V,V) — k. This is known as the trace. Show that this is the same
as the trace you know from linear algebra.

2.3. Symmetric and exterior powers. In this section, we assume our field
k has characteristic 0. For any vector space V', one can consider the d-th tensor
power
V¥ =V .. aV.
d times

There is natural right action of G4 on V®? defined by

(2.11) (V1 ®: - ®Vg) 0 =Vo(1) @ ® Vg(a)

and linearly extending (that is: for wq,...,w,, pure tensors, we have (w; + ...+
W) 0:=w1 -0+ ...+wq-0).

Exercise 2.15. Show that the action defined above is indeed a right action (and
not a left action).

The d’th symmetric power SV and d’th exterior power /\d V' can be defined
in two equivalent ways: either as a subspace of V®¢ or as a quotient of V¥, We
will here take the subspace approach, with the quotient approach being a property.

Definition 2.16. The symmetric power SV C V&% is the subspace of all tensors
w € V¥4 that are invariant under the group action (2.11)):

we S <= VYoe&,:w-0=uw.
The exterior power N*V C V® is the subspace of all tensors w € V®? that are
anti-invariant under the group action (2.11J):

d
we/\V = Yo €6, w- o =sgn(o)w.

Remark 2.17. In case d = 2 and dim V = n with a chosen basis, we can view V®?
as the space of n x n matrices. Then S?V is the space of symmetric matrices and
/\2 V is the space of skew-symmetric matrices.
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Remark 2.18. There are natural projection maps V& — SV and V&I — AV,
given by the symmetrization map
Vel - sty
2.12 1
( ) U1®~-~®Ud'_>vl"".vd::aZvo(l)@)"'@vo(d)y
ceSy

and the antisymmetrization map
d

Vel AV

(2.13)

1
VIR...QuVg+ v A+ Ay = Z SEN(0)Vp(1) @ -+ @ Vg(a)-
T oeGy

(The factors 4; are needed so that the compositions SV — V&I — SV and

AV < Ve s ATV are both the identity.)
The kernel K of the symmetrization map is given by

K =Span{v; ® ... ®vq = Vs(1) ® ... @ Vg(q) | v1,...,v4 € V,0 € &4}
=Span{v; ® ... ® Vg = Vp(1) @ ... @ Vp(ay | V1,...,v4 € V,0 € &4 a transposition}

hence we get an isomorphism SV =2 V®4 /K. In the literature, this is often taken
as the deﬁnitiorﬁ of SV . Similarily, the kernel K’ of the antisymmetrization map
is given by

K' =Span{v; @ ... ® vg —sgn(0)vs(1) @ ... ® Vp(q) | V1,...,04 € V,0 € &4}
=Span{v; ® ... ® Vg + Vo(1) @ ... @ Vy(ay | V1,...,v4 € V,0 € &4 a transposition}
=Span{v; ® ... ®vg | v1,...,v4 € V and 2 of the v; are equal},

and we get AV =2 V& /K’

Remark 2.19. * The symmetric and exterior power satisfy a universal property:
we call a multilinear map 8:V x ... x V — W symmetric, if

B(Va(1)s -1 Vo@) = B(v1,...,vq) Vovi,...,vq €V and o0 € &g,
and alternating if
B(Va(1)s -1 Vo(a)) = sgn(a)B(v1,...,vq4) Yvi,...,v9 €V and 0 € &gq.
Note that f is alternating if and only if
B(v1,...,vq) =0 when two of the v; are equal.
Then we have a symmetric multilinear map

$:Vx...xV—=8SvV
(Uh...,?}d)'—)’Ul.....?]d

which is universal, in the sense that any other symmetric multilinear map ¢ :
V x...xV — W factors over ¢: there is a unique linear map 1 : SV — W such

that ¢ = 1 o ¢.

WWhen working over positive characteristic, this is in fact the correct definition.
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Similarily, we have an alternating multilinear map

d
¢:V><...><V—>/\V
(V1,...,04) » V1 A...Avg

which is universal, in the sense that any other alternating multilinear map ¢ :
V x...xV — W factors over ¢: there is a unique linear map 1 : /\d V — W such
that ¢ =1 o ¢.
If V is a finite-dimensional vector space with basis {eq,...,e,}, then a basis of
SV is given by
{ei,0...0¢;, |1 <i3 <...<ig<n}
In other words, S%V is the ring of homogeneous polynomials of degree d in the

variables e, ..., e,. In particular we have dim S¢V = ("+§_1). Similarily, a basis
dere .
of AV is given by

{ei, NoooNhey, |1 <iy <. .. <ig<n}.
In particular we have dim \® V = (7). Note that AV =0whend>n:=dimV.
Remark 2.20. Given a linear map f : V — W, it induces linear maps
Sf SV — SUW

(2.14)
vie...evg— f(ur)e...e f(vy)

and

d d d
(2.15) AATAN AN

vi A Avg = fo) A A f(va).
These are just restrictions of the map f®? from Remark

Exercise 2.21. As an interesting special case, let dimV = n, take f : V — V|,
and consider A" f: A"V — A" V. Since dim A"V = () = 1, this map is given
by multiplication by a scalar. This scalar is known as the determinant of f. Show
that this is the same as the determinant you know from linear algebra.

Remark 2.22. Clearly we have SV N /\d V = 0. In the case d = 2 we have an
equality
2

(2.16) V=5V e AV,
for instance because n? = ("'QH) + (g) This is just the fact that every square matrix
is the sum of a symmetric matrix and a skew-symmetric matrix (in a unique way).

The obvious generalization of (2.16) is false: for d > 3 (and n > 2), the space
SV @ /\d V is a strict subspace of V®<. We will see the correct generalization of
(2.16) much later in the course, when dealing with Schur functors.

Proposition 2.23. * The symmetric power SV is linearly spanned by the vectors
of the form v :==v® - - ®@wv.
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Proor. This follows from the polarization identity

d
(2.17) dl-vye---epg = Z (1)~ 18l (Z vi> .

SC[d] ics
In order to show (2.17)), we expand the right hand side as a linear combination
Z a’il‘..idvil LAAREE J Uid'
i1 <...<igq
If some j doesn’t occur in {iy,...,iq}, the coefficient a;, ,, is zero, since for
. . . d . . .
every S Z j, the contribution of (ZZG g vi) cancels against the contribution of

d
(Ziesuj vi) . So the only nonzero coefficient is a;._4; and we have ay._4 = d! since

(Yies vi)d does not have a summand v;, ®--- e v;, unless S = [d]. O



CHAPTER 2

Representation theory of finite groups

3. Introduction and first results
3.1. Fundamental definitions.

Definition 3.1. A representation of a group G is a vector space V (over a field k),
together with a left group action

(3.1) GxV =V

' (g,0) =~ g-v
which is linear, i.e. for all g € G, \,u € k, and v,w € V:
(3:2) g+ (A +pw) = Ag - v) + p(g - v).

The condition (3.2]) means that for every g € G, the induced bijection V — V :
v — g-v is a linear map, hence an element of GL(V'). So we can restate the above
definition as follows:

Definition 3.2. A representation (V, p) of a group G is a homomorphism of groups
p: G — GL(V), where V is a vector space over some field k.

To state this once more explicitly: given a representation “-”7 : G xV = V
according to Definition we can construct a map p : G — GL(V) by putting
p(g)(v) :== g -v. This p is a morphism of groups since “-” is a group action,
and hence we have a representation according to Definition Conversely, given
a representation p : G — GL(V) according to Definition one verifies that
g - v := p(g)(v) defines a linear group action, and hence we get a representation
according to Definition [3.1

In the future, we will typically just write “V is a representation of G” and leave
the extra data (given by or equivalently by the morphism p) implicit.

Definition 3.3. A morphism of G-representations (V, py) and (W, py ), also called
G-linear map, is a linear map ¢ : V' — W that is compatible with the group action:
e(g-v) =g-p(v):
V2w
pv(g)J( J{pw(g)
VS w
We will denote the vector space of G-linear maps from V to W by Homg(V, W).

Definition 3.4. For every group G, we have the zero representation V = 0, and
the trivial representation V = k, with group action given by g-v = v.

Examples 3.5. e As a “O-th example”, note that if G is the trivial group,
then representations of G are just vector spaces, and morphisms of repre-
sentations are linear maps.

19
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e The dihedral group D, acts on R? by construction; this gives a 2-
dimensional representation of Da,, (over the real numbers).

e The symmetric group G4 has a one-dimensional representation given by
the signum: V = C, and the action is given by o - v = sgn(o)v. This is
known as the alternating representation or sign representation.

Convention 3.6. From now on, all representations we work with will be finite-
dimensional representations over C (unless explicitly stated otherwise).

Remark 3.7. * In order to be able to give geometrically motivated examples
like the second one in Examples the following remark is in order: every (n-
dimensional) real representation naturally gives a (n-dimensional) complex repre-
sentation. If you don’t mind choosing coordinates, the easiest way to think about
this is to view the real representation as a map G — GL(n,R). The associated
complex representation is then given by embedding GL(n,R) into GL(n,C) (every
real matrix is in particular a complex matrix). If you do mind choosing coordinates:
what we are really doing here is noting that a linear action on a real vector space
V' gives a linear action on the complex vector space V ®g C. The same works for
any field extension.

Definition 3.8. A subrepresentation of a G-representation V is a linear subspace
W of V that is invariant under the action of G (i.e. g-w € W for all ¢ € G and
w € W). This restricted action makes W into a G-representation as well, and the
inclusion W < V is a morphism of representations.

Exercise 3.9. If ¢ : V. — W is a morphism of G-representations, then im ¢ is a
subrepresentation of W, and ker ¢ is a subrepresentation of V.

Definition 3.10. The direct sum of 2 G-representations V and W is the vector
space V @ W, with the group action given by g - (v,w) := (g v, g-w). In this case
V and W are naturally subrepresentations of V & W.

Remark 3.11. For vector spaces Vi,..., Vi, Wi,..., W, we have a natural iso-
morphisnﬂ
Home (@ Vi, @ W;) = @5 Home (Vi, W;).
i J 4,J
This isomorphism preserves compatibility with a group action. Hence for V1, ..., Vg,
W1, ..., W, representations of G, we have
Home (€D Vi, P W;) = €5 Home (V;, W).
i J 2]

Definition 3.12. For any representation V', we define the fized point set

Ve ={veV]g-v=v VYgeG}l
This is a subrepresentation of V, and we have V& = C%¢ as G-representations,
where d := dim V¢ (and C denotes the trivial representation). Conversely, we have

v € V% if and only if (v) C V is a subrepresentation isomorphic to the trivial
representation.

Definition 3.13. A G-representation V is irreducible if the only subrepresentations
are 0 and V.

L This is basically the universal property of the direct sum.
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Irreducible representations (sometimes abbreviated to “irreps”) can be thought
of as the “basic building blocks” of every representation. One of our main goals of
this chapter is for a given finite group, to classify all irreducible representations.

3.2. Constructions. We introduce several important constructions which con-
struct new representations out of old ones; and in addition introduce the notion of
permutation representation associated to a group action.

Definition 3.14. The tensor product of 2 G-representations is the vector space
V ® W, with the group action given by ¢- (v Qw) :=g-v® g - w.

Remark 3.15. In particular, V®" is a G-representation. One verifies that S™V
and A"V are subrepresentations.

Definition 3.16. The dual V* of a G-representation V is again a G-representation,
via the rule g - B(v) := B(g~!-v) (forg € G, B € V* and v € V).

Exercise 3.17. (See also Exercise 1 on Sheet 1.) If you are not surprised by the
appearance of “g~!” above, you can probably skip this.
e Verify that this is indeed a G-representation. Where does your proof fail
if we had put ¢ instead of g—'?
e Verify that for g € G, v € V and 8 € V* we have (g- 8,9 -v) = (5,v).
(Where (8, v) is just evaluating the map S at the vector v.)
o Let V =C", so we can view our representation as a map G — GL(n,C).
What is then the dual representation (as a map G — GL(n,C))?

Definition 3.18. Given two G-representations V, W, the space Homy(V, W) be-
comes a G-representation via Homy(V, W) 2 V* @ W.

Exercise 3.19. (See also Exercise 1 on Sheet 1.) Convince yourself of the following:
e For ¢ € Homy(V, W), the map g - ¢ is given by (g-¢)(v) =g- (g7 - v).
Note that in the case W = C is the trivial representation, we recover the
definition of the group action on V*.
e Homg(V,W) = Homy(V,W)%. In words: the subspace Homg(V, W) C
Homy (V, W) is a G-subrepresentation, consisting of all elements ¢ €
Homy, (V, W) that are fixed under the action of G we just defined.

Definition 3.20. e Suppose X is a finite set and G acts on X from the
left. We can make the free vector space on X (which is just the vector
space with basis {e, : ¢ € X}) into a representation via g - e, = €4, and
extending linearly. This is called a permutation representation.

e In the special case where X = G and the action is by left multiplication,
the representation described above is known as the reqular representation
of GG, and is denoted by Rg.

Example 3.21. G3 naturally acts on the set [3] = {1,2,3}. This gives rise to a
linear action of &3 on C?, permuting the basis vectors. Note that this permutation
representation is not irreducible. Indeed: the vector e; + es + e3 is invariant under
the group action and hence spans a (trivial) one-dimensional subrepresentation.

Exercise 3.22. Prove that the following two representations are isomorphic to Rg
(and hence each give an alternative definition of the regular representation):

e The space Map(G,C) of maps G — C, with the group action given by
(g-a)(h) :=a(g'h) (for a € Map(G, C)).
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e Same as above, but with group action given by (g - «)(h) := a(hg).

Exercise 3.23. (Exercise 3 on Sheet 1) Let p : G — GL(V') be a representation of
a finite group. Prove that every matrix p(g) € GL(V) is diagonalizable.

3.3. Schur’s lemma and complete reducibility. In this section we prove
two first results on representations of finite groups: Schur’s lemma, and complete
reducibility (also known as Maschke’s theorem). Together, they tell us that in order
to understand the representation theory of a finite group, it suffices to describe its
irreducible representations.

We begin with Schur’s lemma, which tells us that morphisms between irre-
ducible representations are easy to describe.

THEOREM 3.24 (Schur’s lemma). Let G be any group.
(1) If ¢ : V. — W is a morphism of irreps, then either ¢ = 0 or ¢ is an

isomorphism.
(2) ForV an irrep, Homg(V,V) ={A-id | A € C}.
PROOF. (1) This follows from the fact that for ¢ : V' — W a morphism

of representations, ker(p) C V and im(p) C W are subrepresentations.
Precisely: let ¢ # 0. Then ker(p) C V, so (since V irreducible) ker(y) =
0; and 0 # im(p) C W, so (since W irreducible) im(¢) = W. But this
means that ¢ is an isomorphism.

(2) Let ¢ € Homg(V,V), and let A € C be an eigenvalueﬂ of the linear map
@. Then ¢ — X - id has nonzero kernel, so by @ — A-id = 0, hence
p=A-1id.

O

Exercise 3.25. Deduce that for V and W irreps,

1 if V = W(as G-representations),

dim Homg(V, W) = {O |
else.

The next theorem, complete reducibility for complex representations of finite
groups, is one of the central results of this chapter. In contrast to Schur’s lemma, a
version of which can be expected whenever one has a notion of “irreducible object”,
complete reducibility really makes us of our assumptions that G is a finite group,
and that the field we work in has characteristic zerd?)

THEOREM 3.26 (Complete reducibility). Let G be a finite group, V a represen-
tation, and W C V' a subrepresentation. Then there is another subrepresentation
W' CV such that V=W e W'.

FIRST PROOF. Let Hy be any positive-definite Hermitian form on V', and define

H(v,w) = Z Hy(gv, gw).
geG
Note that H is G-equivariant: H(gv,gw) = H(v,w) for all v,w € V and g € G.
Take W/ = W+ :={v e V| Hlv,w) =0 Yw € W} the orthogonal complement
with respect to this Hermitian form. Then V =W @ W’ and W' is G-invariant by
the equivariance of H. |

2We are here using that C is an algebraically closed field.
3In fact, our second proof can be generalized to the case where char(k) does not divide |G|.
But if char(k) does divide |G| then complete reducibility fails.
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SECOND PROOF. Take any projection map 7o : V' — W (i.e. pick a vector space
complement U of Win V, and let g : V= U @ W — W). Define

w(v) =) g -mlg" ),
geG
then one verifies that 7(w) = |G| - w for w € W, and that w(h-v) = h-7(v) for all
he€ Gandv e V. Hence m: V — W is a surjective morphism of G-representations.
Then W’ :=ker(r) C V is a subrepresentation, and V=W & W', O

Exercise 3.27. In Example we found a subrepresentation C 2 (e;+es+e3) =:
W of the permutation representation C> =: V of &3. So by complete reducibility,
there exists a complementary subrepresentation W’ C V. Find this W’. Is it
irreducible?

We can reformulate the theorem as follows:

Corollary 3.28 (Maschke’s theorem). Every representation of a finite group is a
direct sum of irreducible representations.

Exercise 3.29. Deduce Corollary from Theorem [3.26]

Remark 3.30. * For the people taking the course on associative algebras, here is
one more reformulation of Theorem The group algebra C[G] of a finite group
G is a semisimple algebra.

Exercise 3.31. (Exercise 4 on Sheet 1.) This exercise shows that without the

assumption that G is finite, Maschke’s theorem fails: let G = Z and consider the

. . . 1 .
2-dimensional representation Z — GL(2,C) : a — (O Cll) Convince yourself
that this is actually a representation, then find a subrepresentation that has no

complement.

Remark 3.32. * Let C be either the category of finite groups, or the category of
finite-dimensional representations of a fixed finite group G over a fixed field k, or the
category of finite-dimensional A-modules of a fixed finite-dimensional k-algebra A.
In each of these situations, we have a notion of “irreducible object”. Moreover, one
can break each object X into its irreducible parts by writing down a composition
seriesﬁ These irreducible parts are known as the composition factor of X.

The natural question of trying to classify all objects in our category now splits
into two subquestions:

(1) What are the basic building blocks (irreducible objects)?

(2) The extension problem: Given two objects Y and Z, in which ways can
I put them together to an object X? (IL.e. find all X such that ¥ — X
with Z = X/Y, this is known as an extension of Z by Y.)

We always have a trivial way of putting Y and Z together: namely to the direct
sum Y & Z. Maschke’s theorem now can be rephrased as follows:

40r more intuitively: if X has a subobject Y we can imagine that X splits into Y and X/Y.
We can then split up Y and X/Y in a similar fashion and keep repeating until we are left with a
list of irreducible objects.

5The fact that the composition factors of X are uniquely determined is known as the Jordan-
Holder theorem. In our setting this is an immediate corollary of Corollary [3.34] but it also holds
is more general settings where we don’t have complete reducibility.
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For representations of a finite group over C, the question
above is trivial: the only extension of Z by Y is the direct sum
Yo®Z.

Convention 3.33. From now on, we will always assume that our given group G
is finite, unless explicitly stated otherwise.

Together, Schur’s lemma and Maschke’s theorem tell us that if we understand
the irreducible representations of a finite group G, we can describe all its repre-
sentations, and even the space of morphisms between two representations. More
precisely, we have the following:

Corollary 3.34. Let V be a representation of a finite group G.
(1) There is a decomposition

(3.3) VeViag...e Vi

into irreducible representations (where V; 2 V; if i # j).
(2) The occurring irreps V; and their multiplicities a; are uniquely determined.
(8) The subrepresentations Vi@ai C V (called isotypic components) are also
uniquely determined.
(4) Let W be another representation, and

(3.4) WV g... eV
be its decomposition into irreducz'blefﬂ. Then we have isomorphisms

(3.5) Homg(V, W) = @ HOHIG(V;GBM7 Vieabi)

(3.6) =~ P Mat(a; x b;,C).

Proor. is just a reformulation of Maschke’s theorem. We next prove :
by Remark we have

Home(V, W) = @) Home (V2" V,*)
4,7
and we can write

HomG(VVi@ai’ij@by‘) o~ HOmG(%,‘/})@aibj o {0 le #J
Mat(a; x b;,C) ifi=j
by Remark [3.11] and Schur’s lemma.

For , note that in the left hand side is an isomorphism if and only if
every summand on the right hand side is an isomorphism, which can only happen
if a; = b; for every i. Applying this to the identity map on V yields the desired
uniqueness.

For , what we have to show is that if we have two isomorphisms

Vv ‘/’:Z’ V1€Ba1 D@ Vk@ak

then their composition ¢ o ¢~ maps every summand VfB‘“ to itself. This follows
immediately from (3.5)). O

6We can without loss of generality assume that the irreps appearing in || are the same as
the irreps appearing in 1| by having some a; and b; equal to 0.
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Remark 3.35. The decomposition of V% into irreducible subrepresentations is
not unique. Consider for instance G the trivial group, whose only irrep is C. Then
decomposing a vector space V as a direct sum of copies of C amounts to choosing
a basis (up to scaling of the basis vectors), which is of course not unique.

3.4. Representation theory of abelian groups.

Proposition 3.36. Let V' be an irreducible representation of an abelian group G.
Then V is one-dimensional.

PRrROOF. The key point is that since G is abelian, it follows that for every g € G
the linear map ¢4 : V' — V given by ¢4 (v) = ¢-v is a morphism of representations.
So by Schur’s lemma g - v is a scalar multiple of v, for every g € G and v € V. But
if we now fix a v € V, this means that the one-dimensional subspace spanned by v
is a subrepresentation, which is equal to all of V since V is irreducible. ([

In other words, irreps of an abelian group G are given by elements of the dual
group Hom(G, C*).

Exercise 3.37. (Exercise 5 on Sheet 1.) Show that for a finite abelian group G,
there is an isomorphism G = Hom(G, C*) of groups. (Hint: by the classification of
finite abelian groups, G is a product of cyclic groups.) Conclude that the number
of nonisomorphic irreps of G is equal to |G|.

Remark 3.38. An alternative proof of Proposition [3.36] can be obtained by com-
bining Exercise with the linear algebra fact that commuting diagonalizable
matrices are simultaneously diagonalizable.

4. Character theory

Character theory is a remarkably effective tool for understanding the repre-
sentations of a given finite group G. In this section we define an invariant for
representations of finite groups, known as the character. The main points are the
following:

e The character of a representation is easy to compute.
e Every representation is uniquely determined by its character (Corollary.
e Once we know the characters of all the irreps of G, we can read the de-
composition of any representation into irreps off from its character (Corol-
lary .
Another important result that follows from character theory is Theorem [£.18] which
states that the number of irreps of G is equal to the number of conjugacy classes.

4.1. Characters.

Definition 4.1. Let p : G — GL(V) be a representation. The character of G
is the map yy : G — C sending a group element g to the trace tr(p(g)) of the
corresponding matrix.

Remark 4.2. (1) Since p(e) is the identity matrix, we have xy (e) = dim V.
(2) For g,h € G, we have xv(h~tgh) = xv(9), i.e. Xg is constant on conju-
gacy classes. We call such a function o : G — C satisfying a(h~1gh) =
a(g) a class function. The set Celass(G) of all class functions on G is
a C-vector space, whose dimension is equal to the number of conjugacy

classes of G.
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Exercise 4.3. a: G — C is a class function if and only if a(gh) = a(hg) for all
g,h € G.

Proposition 4.4. For V and W representations of G, we have:

(4.1) Xvew = Xv + Xw,
(4.2) XVew = XV * XW,
(43) Xv* = X7V7

_ xv(9)? +xv(g?)
(4.4) Xszv(9) = 5 ,
(4.5) X/\2v(9) _ xv(9) ;Xv(g )

PrOOF. Fix g € G, and let {\;} and {u;} be the eigenvalues of py(g) and
pw (9), respectively. The matrix pyew (g) has eigenvalues {\;} U {y;}, from which
the first formula follows. Similarily, pvew (g) has eigenvalues {\;j;}, so its trace
equals -, - Aipj = (32; M) (22 15) = xv(9) - xw (9)-

For the third claim, note that since py(g) is a matrix of finite order, all its
eigenvalues have norm one. So the eigenvalues of py-(g) = (py(g)~ 17T are \; ' =
i, hence the third formula follows.

The final two claims are similar; we prove only the first one and leave the second
one as an exercise. The eigenvalues of pg2y (g) are given by {A\A; | ¢ < j}. So

)2 2 2 2
xs2v(g) = ;)‘i)\j — (22 M) 2‘*‘ >N _ xv(9) ;Xv(g )'

]

Exercise 4.5. Consider the symmetric group &3. There are three conjugacy
classes, with representatives e, (12), (123), so the character of a representation V'
is determined by the three numbers xv (e), xv((12)), xv((123)). We have already
seen three irreducible representations of Ss:

e The trivial representation Vi,iy.
e The alternating representation Vy; (see Examples |3.5]).
e The two-dimensional subrepresentation

Vitand := {(LC17£L’2,£L'3) S (CS | 1+ T +x3 = 0} C (CS
of the permutation representation C3, see Exercise This is known as
the standard representation.
For each of these representations, determine the character.

Exercise 4.6. (Exercise 2a on Sheet 2.) Let G be a finite group acting on a finite
set X, and let V be the permutation representation. Then yy (g) is the number of
elements of X fixed by the action of g.

As mentioned before, one of our main results will be that a representation is
uniquely determined by its character. The following exercise can already give some
intuition why this might be true.

Exercise 4.7. (Exercise 5 on Sheet 2.) Show that if we know the character x of a
representation p : G — GL(V), then we know the coefficients of the characteristic
polynomial of each element p(g), and hence the eigenvalues of each p(g). Carry this
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out explicitly for elements g € G of orders 2, 3, and 4, and for a representation of
G on a vector space of dimension 2, 3, or 4.

4.2. The first projection formula. Let V be a representation of a finite
group G. Let us try to deduce some information about V', knowing only its char-
acter. Recall that V¢ :={v €V | g-v=v Vg € G} the set of vectors fixed by
the action of G.

Remark 4.8. If we decompose V into isotypic components, V& is precisely the
isotypic component corresponding to the trivial representation.

Proposition 4.9 (First projection formula). The linear map
p: V>V
1
Vi Z g-v
] geG

is a projection of V onto V, and moreover G-linear.

PROOF. One verifies that (for h € G and v € V):

(1) (h-v) = p(v),
(2) h-p(v) = p(v),
(3) v € VY implies that ¢(v) = v.

Here is the proof of , the other two are left as an exercise:

1 1 1 ,
hw(v):h‘(@g;g-v):@g;hgw:@ > g =)

g'eG
Now and imply that ¢ is G-linear. Moreover means the image of ¢ is
contained in V~; together with that means that it is a projection onto V&. O

Corollary 4.10. The dimension of VE can be computed as
. 1
dim VY = @ Z xv(9)
geG

PROOF. For any projection of a vector space onto a subspace, the dimension
of the image is equal to the trace of the projection. So

dimVG:‘51r<,0:‘51r(|—(1;| va(g)) = ﬁZXV(g). O
geG geG
In particular, the multiplicity of the trivial representation in the decomposition
of V' is uniquely determined by its character. If we can prove the same thing for
the multiplicity of every irrep inside V', we will have achieved our goal of showing
that a representation is uniquely determined by its character.
The trick is to apply Corollary to the representation Hom(V, W), leading
to the following powerful result:

THEOREM 4.11. Define a (positive-definite) Hermitian product on Cpss(G) by

1 _
@.8) = & > alg)Bg)-

geG

Then the characters of the irreps of G are orthonormal with respect to this Hermit-
ian product.
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PROOF. Let V and W be irreps and consider the representation Hom(V, W).
By Exercise the fixed point set Hom(V, W)& is equal to the space Homg(V, W)
of homomorphisms of G-representations. But by Schur’s lemma (Exercise, this
space is 1-dimensional if V and W are isomorphic, and 0-dimensional if they are
not. On the other hand, the representation Hom(V, W) = V* @ W has character

Xtom(v,w)(9) = Xv (g) - xw(g). So applying Proposition |4.9| gives the formula

1 —_ 1 iftv=w
— . =dimH V,W) = '
|GhéGxV@)mew im Home (V, W) {0 V2 W,

This is exactly what we needed to prove. O

We immediately obtain several interesting consequences from this theorem:

Corollary 4.12. The number of nonisomorphic irreps of G is at most the number
of conjugacy classes in G.

PROOF. Orthonormal vectors are in particular linearly independent, and the
dimension of Cj.s5(G) is equal to the number of conjugacy classes in G. [l

In particular, there are only finitely many nonisomorphic irreps. So from now
on, whenever we decompose V = Vl@a1 O P V,fBa’“ into irreps, we can assume
that the sum runs over a complete set of nonisomorphic irreps (with some of the a;
being 0).

Corollary 4.13. Any representation is uniquely determined by its character.

PROOF. We can write V = V" @...@V,2* where the V; are nonisomorphic
irreps. Then xv = ). a;xv,, and since the xy, are linearly independent, the a; are
uniquely determined by yy . (I

Corollary 4.14. Let V = VfBal S D Vk@a"‘ be any representation (where again
Vi are nonisomorphic irreps).

(1) The multiplicity a; of V; in'V is equal to the product {xv,Xxv,)-

(2) We have (xv,xv) =1, az.

PROOF. Follows immediately from Theorem [4.11 ([

Applying Theorem to the regular representation we obtain the following:
Corollary 4.15. The decomposition of Rg into irreps is given by

7

where the sum is over all irreps of G.
PRroor. By Exercise the character of Rg is given by
G| ifg=e,
XRa (g) -
0 else.

So writing Rg = €, Vi@‘” (the sum being over a complete set of nonisomorphic
irreps), by Corollary we have
1

ai = (XRe» XV;) = Gl 1G] - xv.(e) = dim V.
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Since in particular all irreps appear in G, we now have a procedure of construct-
ing all irreps of a given group: just take its regular representation and decompose
it into irreducibles.

Remark 4.16. From Corollary we see
(4.6) |G| = dim Rg =Y _ (dim V;).
Also, evaluating the formula x g, = ), (dimV;) - xv, at g # e yields
(4.7) Z (dimV;) - xv,(g) =0 for any g # e.
i
In the next section we will prove that the number of irreps of G is equal to the
number of conjugacy classes. Assuming this for a moment, the formulas (4.6)) and

(4.7) allow us to compute the character of the final irrep of G, assuming we already
know the characters of all other irreps.

4.3. Number of irreps; character tables. We have shown that the number
of irreps of G is at most the number of conjugacy classes (Corollary . To show
that this in fact an equality is equivalent to showing that the characters xy, don’t
just form a linearly independent subset, but in fact a basis of Cgjass(G). Before we
can prove this we need the following lemma, which gives a characterization of class
functions:

Lemma 4.17. Let a: G — C be any function. Then « is a class function if and
only if for every representation V', the linear map

(4.8) Cav V=2V
vi= Y alg)(g-v)

geG

is a morphism of representations.

PROOF. Suppose « is a class function, then for any h € G and v € V:

Yoy (h-v) =" alg)(gh-v)
=h-> a(g)(h'gh-v)

=h- Z a(htgh)(h=tgh -v) since « is a class function,

=h-Y alg)(g )

=h- Saa,V('U)a

i.e. o,y is G-linear.

On the other hand, suppose that for every V, we have that ¢, is G-linear.
Then this is true in particular for V = Rg the regular representation. In this case
we have o v(ea) =D ,cq a(g)(ega). Then G-linearity says that

h- @a,\/(ea) = Z a(g)ehga = Z a(hilg/ail)eg’

geG g'eG
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is equal to

paviend) = Y algegna =y alg'a h ey
geG g9'eG
Comparing coefficients yields that a(h~tg'a™!) = a(g’a=th™1) for every a,g’,h €
G. This is easily seen to be equivalent to a being a class function (cfr. Exercise[4.3).
([

THEOREM 4.18. The characters of the irreps of a finite group G form an or-
thonormal basis of C 1u5s(G). In particular, the number of irreps equals the number
of conjugacy classes of G.

PROOF. Linear independence follows from Theorem Now take o € Class(G)
with (xv;,a) =0 for all irreps V;. We need to show that then oo = 0.

By Lemma [17] ¢4y, is G-linear for every 4, and by Schur’s lemma, ©q v, =
A - idy, for some \; € C. But

N >o@xvi(9) |Gl (xvsa) 0
O dimV; dimV; ~ dimV;

So @q,v; = 0 for every irrep V;, and hence ¢,y = 0 for any representation V.
Taking V = Rg the regular representation and evaluating at g = e yields

0= ¢ars(e) =D alg)e,.

geG

But this means a(g) = 0 for every g € G, i.e. « = 0. O

Exercise 4.19. Let V; be an irrep of G, and consider the class function given by

dim V, ——
ag) = TR (9)-

Then for any representation V', the map ¢, v (4.8) is the projection of V' onto the
isotypic component corresponding to V;. Note that the case where V; is the trivial
representation was already done in the proof of Proposition

Remark 4.20. The characters of the irreps of a given group G are traditionally
presented in the form of a character table, whose rows are labeled by the irreps
and columns labeled by the conjugacy classes. By Theorem [{.11] the rows of the
character table are orthonormal (with respect to the inner product defined there),
and by Theorem the number of rows equals the number of columns.

Example 4.21. In Exercise [4.5| we computed the characters of three irreps of Gs.
Since &3 has only three conjugacy classes, we now know (by Corollary these
are all the irreps; i.e. we know the character table:
| e (12) | (123)
‘/triv 1 1 1
Vare 1] -1 1
‘/;tand 2 0 -1
Since #[e] = 1, #[(12)] = 3, and #[(123)] = 2 (where [g] denotes the conjugacy
class of g), the Hermitian inner product (_, _) of two rows (ay, as, as) and (by, by, b3)
is given by %(albl + 3agbs + 2a3b3). Note that the rows of the character table are
indeed orthonormal with respect to this inner product.
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Exercise 4.22. The formulas (4.6) and (4.7) can be generalized to the following
orthogonality relations between the columns of the character table: for every g € G
we have

(4.9) > xvi(@)xvilg) = 1G]
Vi

@7

where ¢(g) is the number of elements in the conjugacy class of g.
For g, h € G not conjugate, we have

(4.10) > xvi(g)xvi(h) = 0.
Vi

Hint. Rescale the elements of the character table so it becomes an orthonormal
matrix, and use that the rows of a matrix are orthonormal if and only if the columns
are.

5. Associative algebras

We collect here some definitions and basic facts about associative algebras that
we will need in the future.

5.1. Algebras and modules.

Definition 5.1. Let k£ be a field. A wunital associative k-algebra is a vector space
A equipped with a product - : A x A — A, such that:

(1) -: Ax A— Ais a bilinear map,

(2) (a-b)-c=a-(b-c)for all a,b,c € A (associativity),

(3) there existsﬂ an e € A such that e-a =a-e = a for all a € A (unitality).
Note that an associative algebra is in particular a (not necessarily commutative)
ring (if we forget the vector space structure).

Definition 5.2. A left A-module is a vector space M equipped with a bilinear map
AXx M — M : (a,m) — a-m such that

(1) e-m=m for allm € M.

(2) (a-b)-m=a-(b-m)foralla,be A, me M.
Similarly, a right A-module is a vector space M equipped with a bilinear map
M xA— M :(m,a) — m-a such that

(1) m-e=mforallme M.

(2) m-(a-b)=(m-a)-bforalabe A, meM.
You can convince yourself that this agrees with the usual definition of module over
a ring.

For the remainder of this subsection we will only work with left modules, but

everything works the same for right modules.

Definition 5.3. A morphism of left A-modules is a linear map f : M — N such
that f(am) = af(m) for all a € A,m € M. A left submodule M C N is a vector
subspace M of a left A-module M such that am € M for alla € A and m € M. A
left A-module N is called irreducible if the only submodules are 0 and N.

"Such an e is automatically unique
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Remark 5.4. For every algebra A, the vector space A is naturally a left A-module,
called the reqular left A-module. A left ideal in A is a left submodule of the regular
left A-module.

Definition 5.5. The direct sum M @& N of two left A-modules is the vector space
M @ N with the obvious action a - (m,n) = (am,an). A left A-module M is
indecomposable if M = M@ M, (with M; and My both A-modules) implies M; = 0
or My = 0. Note that irreducible modules are automatically indecomposable (but
the other implication does not hold in general).

5.2. Idempotents.

Definition 5.6. An element e of an algebra A is called idempotent if e? = e. Two
idempotents e; and ey are orthogonal if ejes = eze; = 0. An idempotent e is
primitive if it cannot be written as e = e; + e with e; and es; nonzero orthogonal
idempotents.

Lemma 5.7. Let e € A be an idempotent and consider the left ideal Ae := {ae |
a € A}. Then there is a one-to-one correspondence between.:

(1) Decompositions e = e1 + e3 of e as a sum of orthogonal idempotents.

(2) Decompositions Ae = I @ Iy as a direct sum of left submodules of Ae.
In particular, e is primitive if and only if the left ideal Ae := {ae | a € A} is an
indecomposable left A-module.

PROOF. Suppose e = e; + ey with e, e5 orthogonal idempotents. Then define
I = Aey and I, = Aey. We verify that Ae = Ae; @ Aes:

o If ¢ € Ae; N Aegy then ¢ = ae; = bey, and right multiplying with e; yields

c=0.

e Ae C Ae; + Aes since e = e1 + eo, and Ae; C Ae since e; = e;e.
Conversely, suppose Ae is not indecomposable: Ae = I} & I, with I1,I, C Ae
nonzero left ideals. There are unique e; € I; and ey € Is such that e = ey + eq,
and ey, es # 0. Since e; € Ae we can write e; = ae. Right multiplying with e gives
e1e = ae? = ae = e;. This can be rewritten as e; — e% = e1es. Note that the left
hand side is in [; and the right hand side is in I5. So since I NI = 0 we get
e = e% and ejeg = 0. Similarly we get e; = e% and eze; = 0. So e and ey are
orthogonal idempotents.

We still need to verify that the above procedures are inverse to one another.
On the one hand, if we start with a decomposition e = e; + e5 then indeed e; and
eo are the unique elements in Ae; and Aes such that e = e; + e3. On the other
hand, if we start with a decomposition Ae = I; & Iy and define e; and ey by the
equality e = e + e2, we need to show that Ae; = I; (and similarly for I). The
inclusion “C” is clear. To show “2”, take any element a € I;. Since Iy C Ae, we
can write a = be. But now Iy 3 a = be = be; + bes; and since the first summand is
in I; and the second in I we get bes = 0 and a = bey; € Ae;. O

5.3. Bimodules and tensor products.

Definition 5.8. If A and B are two k-algebras, an (A, B)-bimodule is a vector
space M that is at the same time a left A-module and a right B-module, such that
the actions of A and B commute:

(a-m)-b=a-(m-b) foreveryae Abe B,me M.
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In other words, we just have a vector space with some ring A acting on the left and
some ring B acting on the right, and the actions are compatible. We sometimes
will write 4 Mp to remember which ring is acting from where. A morphism of
(A, B)-bimodules is a linear map f : M — N such that f(amb) = af(m)b for all
aeA,be Bome M.

Remark 5.9. e Left A-modules are the same as (A, k)-bimodules, and right
A-modules are the same as (k, A)-bimodules.
e If A is a commutative algebra, left A-modules, right A-modules, and
(A, A)-bimodules are the same thing.
e Every algebra A is an (A, A)-bimodule over itself.

Definition 5.10. If now we have three rings A, B,C, an (A, B)-bimodule 4Mp,
and a (B, C)-bimodule gN¢, we can define their tensor product M @ g N (or more
verbose: (4Mp) ®p (N¢)), which is an (A4, C)-bimodule. It can be constructed
as a quotient

(M®N)/L, with L =Span{(z-b)@y—2z®(b-y)|ze€ M,ye N,be B},
where M ® N is the tensor product of vector spaces from Section [2.2] The actions
of A and C are given by

a-lz@yl-c=[(ax@yc)].

Remark 5.11. (k, k)-bimodules are just vector spaces, and in the case A = B =
C = k the tensor product M ®j N defined above is just the tensor product M @ N
of vector spaces.

Remark 5.12 (*). The tensor product of bimodules satisfies a universal property:
the canonical map

¢p:MxN-—->M®pN

is the universaﬂ bilinear map from M x N to an (A, C)-bimodule satisfying the
following properties (for alla € A, b€ B,ce C,z € M,y € N):

e ¢ respects the left A-action: ¢(az,y) = ag(x,y),

e ¢ is B-balanced: ¢(xb,y) = ¢(x,by),

e ¢ respects the right C-action: ¢(z,yc) = ¢(z,y)c.

6. The group algebra; induced representations
6.1. The group algebra.

Definition 6.1. The group algebra CG of a finite group G is the free vector space
{eg | g € G}, equipped with a product defined by e, - e, = egp.

There is a one-to-one correspondence between G-representations and left CG-
modules: if V is a left CG-module it becomes a representation via g - v := eg4 - v,
and if V' is a G-representation then it becomes a CG-module via (3_ . ageq) -
V=) cgag(g-v). Moreover, the notions “morphism of G-representations” and
“morphism of left CG-modules” agreeﬂ By definition, irreducible representations

8In the exact same sense as Remark you can write down the relevant commutative
diagram as an exercise.

9n category theory language: there is an equivalence of categories between G-representations
and left CG-modules
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agree with irreducible modules. Maschke’s theorem (Theorem [3.26)) can be restated
as: every indecomposable CG-module is irreducible.

Remark 6.2. Here is one more equivalent definition: a representation is a mor-
phism CG — End(V) of unital C-algebras.

Remark 6.3. The regular representation Rg is just the ring CG, viewed as a
module over itself. The left ideals in CG are precisely the subrepresentations of
Rg.

Proposition 6.4. Every left ideal in CG is of the form CG - e, where e is an
idempotent.

PROOF. Whenever V' C CG is a subrepresentation, we can apply Theorem [3.20]
to write CG =V @& W as CG-modules. In particular we get a G-linear map

7:CG -V C CG.

Since w(m(1)-1) = (1) -7(1), the element e := 7(1) is an idempotent, and V C CG
is the ideal generated by e. O

By Lemmal5.7], every primitive idempotent e in CG gives rise to an irreducible
CG-module CG - e. Combining Corollary and Proposition [6.4] we see that
every irrep arises in this way. In the next chapter, we will construct the irreducible
representations of the symmetric group by finding sufficiently many idempotents in
the group algebra.

Remark 6.5. Exercise [4.19|says that the isotypic component corresponding to the
irrep V; is the ideal generated by the idempotent

dim V; _
W Z xv;(9)eg
geG

We already know that Rg = @, VZ@ dim Vi *where the sum is over all irreps V.
We can refine this statement in terms of the group algebra EL

Proposition 6.6. * We have an isomorphism of C-algebras

CG = @ End(V;).

PROOF. For every irrep V;, we have a morphism CG — End(V;) of C-algebras,
given by the action of CG. So we get a natural morphism ¢ : CG — @, End(Vj).
Now note that for every representation V', the map CG — End (V) factors over ¢.
Explicitely: if V = @, V", we get the composition

CG % @ End(V;) — @ End(Vi)* — End(@ V™).
Taking V' = Rg to be the regular representation, we get that CG — End(R¢)
factors over ¢. But CG — End(R¢) is injective, hence ¢ needs to be injective as
well. Since dimCG = Y, (dimV;)? = dim @, End(V;), it follows that ¢ is also
surjective. O

101y other words: CG is a semisimple algebra.
HFor the people also attending the course on associative algebras: compare the following
statement with the Artin-Wedderburn theorem
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6.2. Restriction and induction. For this section, we fix a finite group G
and a subgroup H. Given a representation of G, we can restrict it to H:

Definition 6.7. For V a representation of G the restriction Resg V (or simply
ResV) is the H-representation with underlying vector space V', and action of H
given by restricting the action of G.

Remark 6.8. The character xresv : H — C of Resg V' is just the character of V'
restricted to H.

We now introduce a construction that goes in the other way: given a represen-
tation of the smaller group G, we construct a representation of the bigger group H.
This construction is most easily stated using the language of tensor products over
the group algebra:

Definition 6.9. For W a CH-module, the induced representation Indfl W is the
CG-module defined as the tensor product

md% W = CG @cy W.
(Here we viewed CG as a (CG,CH)-bimodule via the multiplication in CG.)

This definition is both short and useful in proofs, but it is not very explicit.
We now give a more explicit (but less elegant) description of Ind$ W: let G/H
denote the set of right cosets (Definition [1.16]) and choose for every coset o € G/H
a representative g, € 0. So every element of G can be uniquely written as a product
goh, for some 0 € G/H and h € H.

As a vector space, Ind% W is a direct sum of |G/H| copies of W, labeled by
the elements of G/H. We writﬂ

V=Indg W= W,
ceG/H
where W7 is just the copy of W corresponding to o. The group action is defined
as follows: if w € W7 C V, we define
pv(9)(w) = pw(h)(w) € W™ CV, where gg, = g-h.
Exercise 6.10. (Exercise 4 on Sheet 3) Show that the two constructions agree:
consider the linear map
CCGoer W — @ W’
ceG/H
egoh QW h-weW?

(where h - w := pw(h)(w)). Show that this is well-defined and an isomorphism of
CG-modules.

Exercise 6.11. (Exercise 2 on Sheet 3) The character of the induced representation
IndW = Indg W can be computed as follows:

Xmaw(9) = Y. xwl(9;"990)-
095 ' 99, €H

This is a useful way for constructing characters of a group G, assuming the char-
acters of a subgroup H are known.

L2This is only a direct sum of vector spaces, not of representations.
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Remark 6.12. There is a natural inclusion W C Ind W, which is compatible with
the action of H (so more precisely, it is a morphism W C ResInd W). It can be
described either as the map W — CG ®cyg W : w — 1 ® w, or alternatively as
the inclusion of the summand W* into @, s W7, where e denotes the coset
containing the identity.

THEOREM 6.13. Let W be a representation of H and U a representation of G.
Then there is a natural isomorphism of vector spaces

Home (Ind$, W, U) = Homy (W, Res$ U)
giwen by sending Indg W — U to the composition W — Indg W —=U.

ProOF. This is a special case of the more general statement for algebras: if
B C A is a subalgebra, U is an A-module and W is a G-module, then there is a
natural isomorphism (of vector spaces)

Homy (A ®@p W,U) = Homp (W, U).

To show this statement, we note that (by the universal property elements of
Hom 4 (A®p W, U) are in bijection with bilinear maps ¢ : Ax W — U satisfying the
compatibility conditions ¢(aa’, w) = a¢(a’,w) and ¢(ab, w) = ¢(a,bw) (for a,a’ €
A, be B, we W). Given such a bilinear map, we get a B-module homomorphism
Y : W —= U by ¢(w) = ¢(1,w), and conversely given a B-module homomorphism
Y : W — U we can define ¢(a,w) = a - p(w). O

Remark 6.14. For a proof using the explicit construction, see [FH91, Proposition
3.17].

Corollary 6.15 (Frobenius reciprocity). Let W be a representation of H and U a
representation of G. Then

(Xmdw, XU )G = (XW, XRes U) H»
where (—, —)q and (—, =)y are the Hermitian inner product from Theorem|4.11}

PRrROOF. By linearity, it suffices to consider the case where U and W are irre-
ducible. Then (xmaw, xv )¢ is the multiplicity of U in the direct sum decomposi-
tion of Ind W, which by Schur’s lemma is equal to the dimension of Homg (Ind W, U).
Similarly, (xw, XRestv)# is the multiplicity of W in the direct sum decomposition
of ResU, which is equal to the dimension of Hompgy (W, ResU). The result now
follows from Theorem [6.13] [

Example 6.16. Let G = &3 the permutations of {1,2,3} and Gy =2 H C G be the
permutations that fix the element 3. The irreducible representations of S3 were
described in Exercise Since &3 is abelian, it has just two irreps and both are
one-dimensional: the trivial representation Uy, and the alternating representation
Uiy (which has py,,, ((12)) = —1). By looking at the characters, we can see that

RES(V;;riv) = Utriva Res(valt) = Ualt7 Res(‘/stand) = Utriv © Ua1t~
So Frobenius reciprocity tells us that
Ind(Utriv) = Vtriv 52 ‘/;tanda Ind(Ualt) = Valt S2) ‘/;tarld~



CHAPTER 3

Representation theory of the symmetric group

7. Partitions and Young tableaux

Definition 7.1. A partition A of a natural number d is a tuple (Aq,..., ;) of
positive integers such that d = Ay + -+ A and Ay > Ay > -+ > A, Some
common notations we will use throughout are

e A\ d: “)\is a partition of d.”

e |\| =d: “The sum of the entries of A is d.”

e len(A) = k: “The number of entries in A is k.”

Recall that the symmetric group &4 consists of the permutations of the set
[d] = {1,...,d}. Elements of &, are often denoted by cycle decomposition, which
is an expression of the form

(71) (a171, ey &1,>\1)(a271, . ,a27)\2) e (CL]CJ7 . ,ak)\k),
where the occurring numbers a; ; are precisely the numbers 1,...,d (in particular
d= Zle A:). The cycle decomposition corresponds to the permutation that
sends a;; to a; j+1 for j < A;, and sends a; ), to a; 1. Clearly every element of
G4 can be represented by a cycle decomposition, and two cycle decompositions
represent the same element of &, if and only if they agree up to permutation of
the cycles, and cyclic permutation of the entries in each cycle. To every element o
of &, we associate a partition A(c) I d, by picking a cycle decomposition for
which Ay > Ay > -+ > A\ and putting A\(o) := (Ar,..., \g).

In Exercise we described the conjugacy classes of &4. Since this result is
fundamental for this entire chapter, I will put the solution of that exercise here as
a proposition:

Proposition 7.2. (1) If o,m € &4 are permutations and o has cycle decom-
position
(72) (a‘l,la RN a‘l,)q)(a2717 s 7a2,)\2) e (a’k,17 L] 7a’k,/\k)7

then mo o o™ ! has cycle decomposition

(m(ara), . wlan))(mlazy), . . mlagn,)) - (wlaka), - w(akn,)-
(2) The assignment o +— A(o) induces a bijection between the conjugacy
classes of G4 and the partitions of d.

PRrOOF. Part is a direct computation: any number in {1,...,d} is of the
from 7(a; ;), and the composition Togor ™! maps that to 7(a; j11) by construction.
From it immediately follows that conjugate elements give rise to the same parti-
tion. But the converse holds as well: if A(¢) = A(¢”) then we can say that o is given
by a cycle decomposition ([7.2)) and ¢’ is given by a different cycle decomposition

(b1,1s - sbia ) (D2,1y - b2 ng) - (bryrs -+ brxy)

37
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with same cycle lengths A;. But then we can take m to be the permutation that
sends a; j to b; ; for all i, j, and find that 0/ = Togor ™!, i.e. o and o’ are conjugate.
This shows . (]

Definition 7.3. A Young diagram is a finite collection of boxes, arranged in left-
aligned rows, with the row lengths in non-increasing order. Young diagrams with
d boxes are in bijection with partitions of d: if A = (Aq,..., Ax), then the corre-
sponding Young diagram has \; boxes in the i’th row. We will from now on use
the concepts “partition” and “Young diagram” interchangeably; in particular the
Young diagram associated to a partition A will be simply denoted by A. We will
use the notation [A] for the set of boxes in the Young diagram A.

Remark 7.4. For A a Young diagram, the number of boxes is equal to |A|, the
number of rows is equal to len()), and the number of columns is equal to A;.

Example 7.5. Let A = (4,2,1) F 7, then the corresponding Young diagram is
given by

Returning to the symmetric group &4, we know that the irreps of G4 are in
bijection with the conjugacy classes, which are in turn in bijection with Young
diagrams with d boxes. In this chapter we will make this explicit, by constructing
for any Young diagram an irrep. Moreover, we will see how to read off information
about an irrep, like its dimension or even its character, from the corresponding
Young diagram.

Example 7.6. There are three Young diagrams with 3 boxes:

L

These are in bijection with the three irreps of &3 listed in Exercise and Exam-
ple [£:21] We will soon see that the left diagram is Viiy, the middle one is Vitana,
and the right one is Vyy.

Example 7.7. There are five Young diagrams with 4 boxes:

T -

These are in bijection with the five irreps of &4 (see the exercise sheets). We will
return to this example later.

We close this section with some combinatorial definitions that we will need
later:

Definition 7.8. For A a Young diagram (or partition), the transposed diagram (or
conjugate partition) AT is the Young diagram obtained by interchanging the rows
and columns: the i’th row of AT has as many boxes as the i’th column of \.
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Example 7.9. The transpose of the Young diagram above is the diagram

corresponding to the partition AT = (3,2,1,1) I 7.

Exercise 7.10. An alternative, less visual, definition of conjugate partition is the
following: if A = (A1,..., ), then write £ = A\, and define AT := (uy,..., 1),
where p; = #{i | Ay > j} = max{i | \; > j}. Convince yourself that this agrees
with the definition above.

Definition 7.11. Given a Young diagram A F d, a Young tableau T on A is a
bijection [A] — [d] between the boxes of A and the numbers 1,...,d. We can
visualize such a Young tableau T' by numbering the boxes in A (see Example [7.12]).
A Young tableau is called standard if the entries in each row and column are
increasing.

Example 7.12. Here are two Young tableaux on the Young diagram from Exam-
ple The left one is standard, the right one is not.

12]6]7] 1]4]3]6]

4

3 7
5 2

Given a Young diagram A | d, there is a natural left action of &4 on the set of

Young tableaux on A: the Young tableau o - T', viewed as a bijection [A\] — [d], is
just the composition oo T'.

Example 7.13. We have

67| 1[3]6]|

(245)(376)-

’cnoo}—n
I
BEE
(@31

Definition 7.14. For every Young diagram A, we have two maps rowy : [A\] = N,
which maps a box to the index of the corresponding row, and coly : [A] — N, which
maps a box to the index of the corresponding column. These will be useful for
formally writing down the more visual arguments we will be making later.

Note that in particular for every Young tableau T on A, we have the map
rowy ol ! : [d] — N (respectively colyoT ! : [d] — N) mapping each number
1,...,d to the row (resp. column) it is in.

Example 7.15. If T is the leftmost tableau in Example we have row oT~1(6) =
1 and coly oT~1(6) = 3, since 6 is in the first row and third column.

8. Irreducible representations of the symmetric group

As discussed in Section[6.1] the irreps of G4 can be constructed as ideals CS4-e
in the group algebra, where e is a primitive idempotent. So our goal is the following:
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For every Young diagram X\ F d, construct a primitive idem-
potent ¢y € CSy, in such a way that the irreps CSy - ¢y are
nonisomorphic.

We will actually do a bit more: for every Young tableau we will construct a
primitive idempotent ¢(T) € C&y, in such a way that two irreps CS, - ¢(T) and
C&, - ¢(T") are isomorphic if and only if the underlying Young diagrams of T' and
T’ are the same. (Different Young tableaux on the same Young diagram will then
give rise to different embeddings of the same irrep into CS,.)

Definition 8.1. Let A - d be a Young diagram with d boxes, and let T be a Young
tableau on A.

(1) The subgroup Row(T) C &4 consists of all permutations which preserve
each row of T'. More formally:
Row(T) = {0 € G4 | rowy 0T~ = rowy oT ' oo}.

(2) The subgroup Col(T) C &4 consists of all permutations which preserve

each column of T'. More formally:

Col(T) = {0 € &4 | coly oT ! = colyoT ' o}
(3) We define
a(T) = Z es € CBy.
o€Row(T)
(4) We define
b(T) = Z sgn(o)e, € CSy.
o€Col(T)

(5) Finally, we define

c(T):=a(T)-b(T) € CSy;
this element is called the Young symmetrizer associated to T'.

As promised, here is the main result of this chapter: a construction for all
representations of the symmetric group.

THEOREM 8.2. For any Young tableau T, the & -representation CSgq - ¢(T) is
irreducible. Moreover, two such irreps CSy - ¢(T) and CSy - ¢(T') are isomorphic
if and only if the underling Young diagrams of T and T’ are the same.

So for every partition A F d, we can construct an irrep V) by picking a Young
tableau 7" on A and deﬁningﬂ Vi := C8y - ¢(T). Since we already know from
Theorem that the number of irreps of &4 is equal to the number of partitions
of d, Theorem tells us that the V), where A\ ranges over all partitions of d, form
a complete set of pairwise nonisomorphic irreps for & ..

Remark 8.3. As we will soon see, the Young symmetrizers c¢(T') are not quite
idempotents; they are idempotents up to scaling. More precisely we will see that

e(T)? = npe(T) for some ny € C\ {0} (which is equivalent to saying that Cg) is
an idempotent). As the ideals C&,4 - ¢(T) and C&, - %? are the same this doesn’t

really make a difference.

IThis is well-defined as a S 4-representation, but not as an ideal in C&, since the latter
depends on which tableau T we chose.
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Before we start proving Theorem [8:2] let us see it in action for the symmetric
group G3:

Example 8.4. Consider the Young tableau

then we have Row(T) = &3 and Col(T") = {id}, so we have

e(T)=a(T) = Z € = €id 1+ €(123) + €(132) + €(12) + €e@3) + €(23).
e A<IGEY
Since ¢(T) is fixed by the action of &3, the ideal CS&j3 - ¢(T') is just the one-
dimensional vector space C - ¢(T); as a representation it is given by the trivial
representation:

Viro = Vieiv-
This example immediately generalizes to any d: if A is the Young diagram with
just one row (that is, the partition (d)), then V) is the trivial representation.

Example 8.5. Consider the Young tableau

then we have Row(T) = {id} and Col(T) = &3, so we have

c(T)=0b(T) = Z sgn(o)es = eiq + €(123) + €(132) — €(12) — €(13) — €(23)-

c€BG3

Again, the ideal C&3 - ¢(T) is just the one-dimensional vector space C - ¢(T);
but this time as a representation it is given by the alternating representation:

VE == Va1t~
This example also generalizes to any d: if A is the Young diagram with just one
column (that is, the partition (1,...,1)), then V) is the alternating representation.

Example 8.6. Consider the Young tableau

S HE]

3
then we have Row(T) = {id, (12)} and C—OI(T) = {id, (13)}, so we have

)

c(T) = (€ia +eqz)) - (€ia — €13)) = €ia + €(12) — €3) — €(132)-

This time, the ideal CS&3 - ¢(T) is a two-dimensional vector space spanned by
c(T) = eia + en12) — e3) — ei32) and (13) - c(T) = e(13) + €(123) — €id — €(23)-
Since the only 2-dimensional representation of &3 is the standard representation,

we find
VEP = Vitandard-
If we instead pick the Young tableau
1]3]
2

T=

9
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we get
e(T") = (eiq + e(13)) - (€id — €(12)) = €id + €13) — €(12) — €(123)-
The ideal CS3 - ¢(T") is a two-dimensional vector space spanned by
o(T") = eiq + e(13) — €(12) — €123) and (12) - ¢(T") = e(12) + €(132) — €id — €(23)-
Note that CS3 - ¢(T) and CS3 - ¢(T”) are both isomorphic to VEP = Vitandard,

but as ideals (i.e. as subspaces of CS3) they are not the same.

In the example above, note that the span of CS3-¢(T") and C&3-¢(1”) is the en-
tire isotypic component Vsﬁfn darq 1 the decomposition of the regular representation
CG63. Putting the three previous examples together, we see that a decomposition

of CG3 into irreducible subrepresentations is given by

_ 1[2] 1[3]
CGg—CGg'C()@CGg'C @C@g'c 3 @(CG;;'C ) .
L=

This is a special case of Theorem [8.23] which we will prove later.

8.1. Proof of Theorem Throughout this section, we will fix a number
d and consider the symmetric group &,. We will write A := C&4 for its group
algebra. All occurring Young diagrams and Young tableaux have exactly d boxes.

For T a Young diagram, we will write rowy for the map [d] — N that maps a
number ¢ € [d] to the row it is in. To connect this with the notation from before:
we have rowr := row) oT~! and Row(T) = {0 € &, | rowr oo = rowr}. Similarly
we have coly := coly oT~! and Col(T) = {o € G4 | colr o = colr}.

We will start by showing the following:

Proposition 8.7 (First part of Theorem . If T and T' are Young tableaux
on the same Young diagram X, then the representations A - ¢(T) and A - c(T") are
isomorphic.

PROOF. First we show that for any g € &4
Row(g-T) =g -Row(T)-g~' and Col(g-T)=g-Col(T)-g "

Indeed, note that row,.s = rowy og™!, so that

- rowr og_1 oo

o € Row(g-T) <= rowrog_
<= rOoWp =TrOowrpog ‘oocog
< g tocogecRow(T)
<~ ocg-Row(T)-g*

and similarily for Col.
Next, we show that a(g-T) = g-a(T) - g~!. Indeed:

e )= Y e

oc€Row(g-T)

= E ego./g—l

o’€Row(T)
=g-a(T)-g~".
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By a similar computation we find that b(g-T) = g - b(T) - g~ *

a(T)b(T') we also obtain

, and since ¢(T') =

cg-T)=g-¢(T)-g7"
Finally, let T and 77 be Young tableaux on the same diagram. Then there exists
a permutation g € &, such that 77 = g - T. Then ¢(T") = g - ¢(T) - g~ !, and
hence A-¢(T") = A-¢(T) - ey-1. So the map A — A: x> x e -1 restricts to an
isomorphism A - ¢(T') — A - ¢(T") (with inverse given by = +— x - e4). O

Observation 8.8. The Young symmetrizer ¢(T) has the following property: for
every o € Row(T) and 7 € Col(T), it holds that o - ¢(T) - 7 = sgu(7) - ¢(T).

ProOF. We have
c-c(T) - 7=0-a(T) - 0(T) -7

=e, - Z eqr | - Z sgn(t"er | -er

o’€Row(T) 7/€Col(T)
= Sgn(T) : Z Eo . Z Sgn(T”)eT//
o’ €Row(T) T/"€Col(T)

=sgn(r) - ¢(T).
O

Our next goal (which we will reach in Lemma [8.15)) will be to show that ¢(T")
is the only element of A satisfying the above property. The main tool for this will
be the combinatorial Lemma [8:12] which is a converse to the following observation:

Observation 8.9. Let T be a Young tableau, and pick o € Row(T), 7 € Col(T).
Write T' = o -7-T, and let i # j € [d] be in the same row of T. Then in T', the
numbers i and j are not in the same column.

PROOF. We have that rowr (i) = rowr(j). Since o1 € Row(T), we get

(8.1) rowr (o 1(i)) = rowr (o1 (4)).
Now suppose by contradiction that coly (i) = coly(j). Then

colp (171 (0 71(4))) = colr (77 (a7 (7))
Since 771 € Col(T), this implies
(8.2) colr(o71(7)) = colp (a1 (4)).
But and imply that 0=1(i) = 071(4), so i = j, a contradiction. O
Definition 8.10. We order the partitions lexicographically:

A< p <= JieNwith \; = pj for j <4, and Ay < ps.

This defines a total ordering on the set of partitions of d. In words: A < p if for
the first index ¢ in which A and p differ, we have \; < u;.

Example 8.11. For the partitions of d = 5, we have
(1,1,1,1,1) < (2,1,1,1) < (2,2,1) < (3,1,1) < (3,2) < (4,1) < (5)

Now we are ready to state our main combinatorial lemma.
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Lemma 8.12. Let T and T’ be Young tableauz on the diagrams X\ and u respec-
tively, with A > p. Suppose that for every i # j € [d] in the same row of T, we
have that i and j are mot in the same column of T'. Then A\ = u, and there exist
o € Row(T) and 7 € Col(T) such that T' =o-7-T.

PrROOF. If Ay > p; then p has fewer columns than A, so two of the numbers in
the first row of T need to be in the same column of 7", a contradiction. So A1 = pu1,
and we find some 71 € Col(7”) such that the first rows of T and 71 - 7" have the
same elements.

Now consider T" and 71 - T” and ignore their first rows. Repeating the above
argument, we find that Ay = pg, and we can find 7 € Col(7”) such that in both
the first and the second rows of T and 75 - 7 - T” have the same elements.

Eventually we find that A = u, and we can find 7 € Col(T”) such that T and
7' - T’ have the same numbers in each row. This means there exists a o € Row(T)
such that - T =7"-T'. Now

7' € Col(T") = Col(7' - T') = Col(o - T) = o - Col(T) - o~ 1.
(For the first equality: if 7" € Col(T”) then Col(T") = Col(r" - T")).
So if we define 7 := 071 - 7/71 . 5, then 7 € Col(T), and

o7 T=7"1.0.T=T.

We need to understand the Young symmetrizers ¢(T) a bit better.

Lemma 8.13. Let T be a Young tableau.
(1) Row(T) N Col(T') = {id}.
(2) Every g € &4 can be written in at most one way as a product o - T with

o € Row(T') and T € Col(T).

PrOOF. Part is immediate: if g € Row(T") N Col(T) means that g needs to
map every 4 € [d] to a number that is both in the same row and the same column
as 1, but the only such number is i. Part follows from (I): if o7 = 0’7’ then

o'to =717t € Row(T) N Col(T) = {id},
sooc =0 and 7 =1 O
The above lemma gives us an alternative way of thinking about ¢(7'):
Definition 8.14. Write
RC(T):={g€ 64| g=o0-7 for some o € Row(T), T € Col(T)}.
For g = 0 -7 € RC(T), we will write sgny(g) := sgn(7), which is well-defined by

Lemma .

Using this definition, we can write
oT) = Z sgny(g)eg.
gERC(T)

In particular, note that the coefficient of e;4 is equal to sgnp(id) = sgn(id) = 1.
We can now prove the converse of Observation [8.8
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Lemma 8.15. Let T be a Young tableau and x € A. Suppose that
(8.3) oxt = sgn(r)x for all o € Row(T), T € Col(T).
Then x = ac(T) for some a € C.

PROOF. We can write z = 3_ & ag€q.

Step 1. For g ¢ RC(T) the coefficient a, is equal to 0.

If we write T" = g - T, then by Lemma we find i # j in the same row of T
and in the same column of 7”. So the transposition (i5) is both in Row(T") and in
Col(T") = g - Col(T) - g=*. So we can apply our assumption (8.3) to o = (ij) and
7 =g (ij)g (note that sgn(r) = —1):

Z Ah€(ij)hg=1(ij)g — — Z Qg Cg-

heSy 9'€Gy
Comparing coeflicients of e, yields that a; = —ag4, so ag = 0.
Step 2. Now if we pick g = o7 € RC(T'), and look at the coefficient of e; in our
equality ocxT = sgn(r)z, we find a;q = sgn(r)ay,r = sgny(g)ay. Hence

a= Z ageqg = Z sgir(g)aiaeqg = aqc(T).

gERC(T) geERC(T)
O

Corollary 8.16. For every y € A we have ¢(T)yc(T) = ac(T) for some o € C.

ProOF. Note that, by a similar computation as Observation the ele-
ment z := c¢(T)yc(T') satisfies the condition (8.3). So the statement follows from
Lemma R.T5 O

Taking y = 1 in Corollary yields that ¢(T)? = npc(T) for some ny € C.
In the following lemma we compute nr.

Lemma 8.17. We have ¢(T)? = nyc(T), where np = W‘!C(T))'

PROOF. Write ¢ = ¢(T). We know that ¢? = ac for some o € C. We consider
the linear map f: A — A given by right multiplication by ¢ and compute its trace
in two ways:

e Since im(f) = Ac, we have tr(f) = tr(f’Ac) (take a basis of Ac, extend to
A, and look at the matrix of f). But since (ac)c = nrac for each a € A,
we get that f|AC is just multiplication by a. So tr(f) = a - dim(Ac).

e With respect to the standard basis {e, | 0 € &4} of A, the matrix of f
has (o, 7)’th entry given by the coefficient of e, in 7-¢(T). In particular,
we can verify that the diagonal entries are equal to 1, therefore tr(f) = d!.

O

In particular we see that np # 0. We will write é(T) := %? for the normalized
Young symmetrizer. By the previous lemma, we have &T)? = &T), i.e. &T) is an
idempotent in the group algebra A.

Proposition 8.18 (Second part of Theorem [8.2)). The &4-representation A - &(T)
1s trreducible.
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PROOF. In the light of Lemma we need to show that ¢(T') is a primitive
idempotent. So suppose ¢(T') = e; + eg for eq, e; orthogonal idempotents. Then
Corollary tells us that ¢(T)e1¢(T) = aé(T) for some o € C. But writing this
out we get e; = a - (e1 + e3). Multiplying both sides by es we get 0 = aes. So
either e; = 0 or es = 0. O

Lemma 8.19. If A > pu and T,T'" are Young tableauz on A\, p respectively, then
c(T")Ac(T) = 0.

PROOF. Pick any g € &,4. Since A > u, by Lemma there are 4,7 in the
same row of g - T and column of T”. Write 7 = (ij) € Row(g - T) N Col(T"). Then
(T eg-c(T)=c(T) c(g-T) eg=c(T') er-er-c(g-T) e

=—c(T) - clg-T) ey =—c(T') - eq4-c(T).
So ¢(T") - eq - ¢(T) = 0. Since g was arbitrary we get c(T")Ac(T) = 0. O
Exercise 8.20. (Not necessary for proof.) Also if A < p we have ¢(T")Ac(T) = 0.

Proposition 8.21 (Third part of Theorem . If T and T' are Young tableaux
on distinct Young diagrams A, p, then Ac(T) and Ac(T') are not isomorphic.

PRrROOF. We can assume A > p. If there is an isomorphism f : Ac(T") — Ac(T)
of & -representations, then f(&(1”)) = zé(T') for some x € A, but then

F(T) = F&(T')?) = &T") f(&(T")) = &«T")ae(T) = 0,
a contradiction with f being an isomorphism. O

8.2. Standard tableaux. The goal of this section is to prove the following
statement, which gives us one way of reading off the dimension of an irrep V) from
the Young diagram .

THEOREM 8.22. The dimension of Vy is equal to the number of standard Young
tableauz on .

This is a corollary of the following:
THEOREM 8.23. The group ring CS&4 decomposes as a direct sum of left ideals
(8.4) C&s =TSy (1)
T
where the sum is over all standard Young tableauz T of size d.

PROOF OF THEOREM ASSUMING THEOREM [B.23] Fix a partition A - d.
By Corollary the multiplicity of V) in the regular representation is equal to
dim V). But looking at , and recalling that CS, - ¢(T) is an irrep which is
isomorphic to V) if and only if A is the underlying tableau of T, this multiplicity is
precisely the number of standard Young tableaux on . O

There are two main ingredients going into the proof of Theorem [8.23] The first
(Lemma is that for T and T” standard Young tableaux, the product of the
Young symmetrizers ¢(T) and ¢(7”) is zero. The second (Proposition is a
purely combinatorial statement about the number of standard Young tableaux.

Definition 8.24. Let T and T’ be standard Young tableaux with d boxes, and let
A and p be their underlying diagrams.
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o If A # p we say T > T" if and only if A > p (Definition [8.10).
o If A\ =y wesay T > T’ if when we read T and T” lexicographically (i.e.
like a book), T'(b) < T"(b) for b € [A] the first box in which they differ.
If you find the above too informal: T' > T” if there exists a b € [A]
such that
— T(') =T (b)) whenever rowy (b') < rowy(b).
— T (') =T (1) whenever row,(b') = row,(b) and coly (') < coly(b).
- T(b) <T'(b).

This defines a total order on all standard Young tableaux with d boxes.

Example 8.25. Here are the standard Young tableaux on A = (3,2), ordered
according to the above definition:

11213] [1]2]4]  [1]2]5]  [1[3]4] _ [1]3]5]

15 ~ B3 CBHE 25 214
Lemma 8.26. If T > T’ are standard with d boxes, then c¢(T") - ¢(T) = 0.

>

Proor. If T and T’ have distinct underlying diagram, then this follows from
Lemma [8:19] So assume they have the same underlying diagram .

Step 1. Find i # j in same row of T and same column of T”.

Let a € [A] be the lexicographically first box where T and 7" differ. We write
i=T(a) and k = T(a) (s0o i < k). Let b = T'~1(i) be the box in T’ containing
i. Note that b can not come lexicographically before a (since T' and T” agree in
these positions), and can also not be down and to the right of a, since that would
contradict 7" being a standard tableau. So b needs to be stricty down and strictly
to the left of a. Now we can let ¢ € [A] be the box in the same row of a and the
same column of b, and let j = T'(c) = T"(¢).

Here is a pictorial representation of Step 1. The shaded area is the part where
T and T" agree:

A= T = T
Step 2. Proceed as in Lemma let 7 be the transposition (ij), by construction
7 € Row(T) N Col(T”). But then

(T - e(T)=c(T") - er-er - c(T) = —c(T") - ¢(T),
hence ¢(T") - ¢(T) = 0. O

Proposition 8.27. Let f\ denote the number of standard Young tableauz on .
Then for any d € N we have Y, , f2 = d!.

We will use two combinatorial lemma’s in the proof of Proposition [8.27] The
first one is rather straightforward, the second one is much harder. We will write
© — A if the Young diagram A is obtained from p by either adding a single box to
one of the rows, or by adding a new row of length 1. In the language of partitions:
1 — A means that either

A= (/Ufla”'nui—lvﬂi+1aﬂi+17"'7ﬂk)
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for some ¢ € {1,...,k}, or that

A= (s s 1),
Note that in the first case we need to have p; < f1;41.

Lemma 8.28. For A\ d, there is a bijection

{standard Young tableaux on \} < U {standard Young tableaux on p}.
n—A

PROOF. Given a standard tableau T on A, the box labeled d is always the last
box in its row and column, and if we remove it we obtain a standard tableau on
some g — A. Conversely, if we start with a g — X\ and a standard tableau T” on

it, we can add a box labeled d on the correct location to get a standard tableau on
A |

Lemma 8.29. For ptd — 1, there is a bijection

{standard Young tableaux on p}x{1,...d} + U {standard Young tableaux on \}.
A—p

PRrROOF SKETCH*. The bijection is given by the row-bumping algorithm. Given
a standard tableau T on y, and a number j € {1,...,d}, we first increase the label
of every box labeled j,...,d by one. Next we add a box labeled j to this tableau,
by performing the following steps:

(1) We first try to add a box labeled j to the first row:
(a) If j is greater than every entry in the first row, we just add j to the
end of the first row and are done with the algorithm.
(b) If not, find the leftmost box in the first row with entry greater than
7; call this entry j1; relabel the box by j, and continue to step .
(2) Next we try to add a box labeled j; to the second row:
(a) If j; is greater than every entry in the second row, we add j; to the
second row and are done with the algorithm.
(b) If not, find the leftmost box in the second row with entry greater
than ji; call this entry js, relabel the box by j1, and go to step .
(3) Repeat the above step for the third, fourth, ..., row, until either we are
in case (a). If we reach the final row without ever being in case (a), we
add an extra row with a single box labeled jy.

The output of this algorithm is alwaysﬂ a standard tableau on some A < u. So
we get at least a map from left to right. To show it is a bijection, one argues that
given a standard tableaux on some A < u, we can remove the box that is in A but
not in p by performing the steps above in reverse. O

2Both this statement and the next one require some verification, which is why this is only a
proof sketch and not a proof.
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PROOF OF PROPOSITION [B.27. By the above lemmas, we have fy =3, fu
and d- f, =32\, , fr. So

SR=D KD

A-d A-d A
= Z Z f)\ : fu
Ard A
= Z Z fA . f;L
pHd—1 A—p
= Z fu' Z f)\
pHd—1 A
=d- > I
pd—1
=d-(d—1)!=d! (induction on d.)

O

Proor or THEOREM [8.23l We first show that the sum is direct. So assume
by contradiction we can find elements ¢(T') € CS&,4 such that

(8.5) > () «T) =0,
T

where as usual the sum is over all standard tableaux with d boxes. Let T be the
maximal (with respect to the order defined in Definition [8.24]) standard tableau
for which ¢(T) - ¢(Tp) # 0. Then right multiplying (8.5) with &(7p) and using
Lemma .26 we find
0= Z q(T) - &(T) - &(Tp) = q(Tp) - &(To)* = q(Tp) - &(To),
T<Tp

a contradiction.
We have now shown that

(8.6) C&, 2 PTG, - (1),

and want to show this is actually an equality. Let us write D) for the dimension
of the irrep V). As representations, the left hand side of is isomorphic to

D

Ad

by Corollary (in particular we have d! = dim &, = Y D3), and the right hand
side is isomorphic to
D v

Ard
So implies that we have fy, < D, for every A\. But now Proposition
implies that we need to have an equality Y f§ = d! = > D%. This can only hold if
fn = D, for each A\ F d, finishing the proof. O
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8.3. The hook length formula and Frobenius character formula. To
close the chapter on G,4, we state without proof two more important results about
the representation theory of the symmetric group. The first one is an alternative
formula to compute the dimension of an irreducible representation from its Young
diagram.

Definition 8.30. Let A - d be a Young diagram. The hook length hy(b) of a box
b € [A] is equal to the number of boxes in A that are either directly below or directly
to the right of b (where the box b itself is counted once).

Example 8.31. Below is the Young diagram corresponding to the partition (4,2, 1),
where in every box b we wrote its hook length hy(b):

6[4]2]1]

3|1
L

THEOREM 8.32 (Hook length formula). Let A+ d be a Young diagram and V)
be the corresponding irreducible S 4-representation. Then

d!
[Toepy ha(b)
Example 8.33. For A\ 7 the Young diagram from Example we have
7!
6-4-2-1-3-1-1
Remark 8.34. Here are two possible ways of proving Theorem [8:32}

(1) By Theorem it suffices to show that the hook length formula counts
the number of standard tableaux. This is a purely combinatorial state-
ment for which several direct proofs are known, but none of them are
easy.

(2) Theorem can also be deduced as a corollary of Frobenius’ character
formula below.

THEOREM 8.35. Let V) be an irrep of &4, where A = (Aq,...,\x) F d. Let
g € 64, and write p = (1,. .., m) = d for its cycle shape. Then we can compute
the character xv, (g) as the coefficient of the monomial
GhRlgAath=2

dim V)\ =

dim V) = 35.

in the polynomial
m
I @—=z)][at +-+ap
1<i<j<k i=1
A proof of this theorem can be found in [FH91, Lecture 4].

Example 8.36. Let A = (3,2) - 5 and consider the &5-representation V). Take
g = (12) € G5 a transposition, then p = (2,1,1,1). Then xv, (g) is the coefficient
of the monomial x}z3 in the polynomial

(x1 — $2)(.’L‘% + x%)(ml + x2)3 = a:(f + 21‘?332 + x‘fxg — m%x% — 21‘1333 — xg,

so we find xv, (g) = 1.



CHAPTER 4

Representation theory of the general linear group

9. Polynomial and rational representations of GL(V)

In this chapter, we will fix an n-dimensional C-vector space V', and study finite-
dimensional representations of the infinite group GL(V'). Such a representation is
given by a group homomorphism p : GL(V) — GL(W), where W is another finite-
dimensional C-vector space.

Let’s write dimW = m. If we fix bases of V and W we get identifications
GL(V) = GL(n,C) and GL(W) = GL(m,C), and our representation is given by a
map of matrices

(9.1) GL(n,C) = GL(V) & GL(W) = GL(m, C).

It is hard to make interesting statements about arbitrary representations of GL(V').
However, GL(V) is not just a group, it comes with a geometric structureﬂ, and we
want to restrict ourselves to representations that preserve that geometric structure.

Definition 9.1. A representation p : GL(V) — GL(W) is polynomial (respectively
rational) if there exist bases of V' and W and polynomials (resp. rational functions)
Py (for 1 < k, £ < m) in n? variables such that the map (9.1 is given by

(aij)1gi,jgn = (Pre(@ig)) 1 <pom -

Exercise 9.2. In the above definition, we can replace “there exist bases of V' and
W and polynomials (resp. rational functions) Py,” by “for all bases of V and W,
there exist polynomials (resp. rational functions) Pg,”.

Examples 9.3. e The identity map GL(V) — GL(V) is an n-dimensional
representation, known as the standard representation. It is clearly a poly-
nomial representation.

e The determinant map GL(V) — GL(1,C) = C* is a one-dimensional
representation of GL(V'). We will denote it by Det.
e More generally, for every a € Z, the map

GL(V) = C*
A (det A)?
is a one-dimensional representation, which we will denote Det®. It is a

rational representation for every a € Z, and a polynomial representation
if a > 0.

1Algebmic geometers say GL(n,C) is a linear algebraic group, differential geometers say it is
a complex Lie group.

51
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Remark 9.4. Direct sums, tensors products, subrepresentations, and duals of ra-
tional representations are again rational. Direct sums, tensors products, and sub-
representations of polynomial representations are again polynomial. But the dual
of polynomial representation need not be polynomial: for instance the dual of the
representation A — det A is the representation A +— (det A)~!.

Remark 9.5. For a rational representation, we require the rational functions
Pri(a;;) to be defined at all points of GL(n,C). One can verify that this implies

that Pye(a;j) = % for some polynomial pg, and some by, € N.

Remark 9.6. * A representation p being rational means that p is not just a
morphism of groups, but also a morphism of algebraic varieties. L.e. p is a morphism
of linear algebraic groups.

Example 9.7. Choose a basis {e1,...,e,} of V, so we can write V = C" and
GL(V) = GL(n,C). We take exterior powers of the standard representation V =
C™. Explicitly: /\d V has a basis given by {e;, A---Ae;, |1 <ip <...<ig<n}. If
we use this basis to identify GL(A® V) with GL ((%),C), the representation AV
is given by mapping a matrix A € GL(n,C) to it d-th compound matriz, whose
entries are the d x d minors of A.

If take n = 3 and d = 2, and order the basis of /\2 C3 as (eg Aeg,e1 Aes,ea Aes),
we get

2
GL(3,C) = GL(V) — GL(/\ V) = GL(3,C)

a1l a2 ais 11022 — @12021 11023 — A13G21 A12G023 — 13022
a1 Q22 Q23 | F | @11G32 — Q1231 Q11033 — Q13431 Q12033 — Q13032
a31 asz a33 210432 — A22031 (21033 — A23A31 A22033 — 023432

Note that taking d = n, we have that A" V is one-dimensional, and we recover the
determinant representation from the previous example.

Remark 9.8. The first important statements we proved for representations about
finite groups were Schur’s Lemma (Theorem and complete reducibility (The-
orem [3.26). We in fact stated and proved Schur’s Lemma for an arbitrary group
G, so in particular also for GL(V). In contrast, our proof for complete reducibility
relied on the fact that G was finite. It turns out that complete reducibility still
holds for rational/polynomial representations of GL(V').

THEOREM 9.9. Let V' be a rational representation of GL(V'), and let W C V
be a subrepresentation. Then there exists another subrepresentation W' C V' such
that V=W @ W’'.

PROOF. Omitted. t

10. Characters for GL(n,C)

In this section, we will once and for all fix a basis of V, i.e. we identify GL(V)
with GL(n,C). Analogously to finite groups, we would like to study the representa-
tions of GL(n, C) via their characters. Recall that the conjugacy classes in GL(n,C)
correspond to Jordan normal forms. In particular there are infinitely many conju-
gacy classes, so we cannot represent the character of a representation with a finite
character table. However, observe that at least for a rational representation W,
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if we know the value of the character xy on the dense subset of diagonalizable
matrices in GL(n,C), we know it everywhere by a continuity argument. But since
the character is constant on conjugacy classes, this means that the character of a
GL(n,C)-representation is uniquely determined by its value on diagonal matrices.
This motivates the definition below.

The invertible diagonal matrices form a subgroup of GL(n,C), which we call a
torus and will denote by T. We have an isomorphism 7' = (C*)™.

Definition 10.1. For pw : GL(n,C) — GL(W) a representation, the restricted
character XW‘T is the restriction of the character to 7', i.e. the composition

(C* =T < GL(n,C) % C

tt 0 -+ 0
0 to --- 0
(tl,...,tn)»—mr( CoL )
0 0 - t,
Note that xw ‘T is a symmetric function in the variables (¢1,...,t,): for every

permutation o € &,,, we have that XW‘T(ta(l)v s tomy) = XW‘T(tlv coyty). W
is a polynomial representation, then XW‘ o 1s a symmetric polynomial, and if W is
a rational representation, then XW‘ o 1s a symmetric Laurent polynomial.

Remark 10.2. For representations of GL(n,C), we will abuse notation and sim-

ply write xw instead of XW|T; we will also just say “character” when we mean
“restricted character”.

The formulas (4.1)), (4.2)), (4.4), (4.5) from Proposition are still valid, and

allow us to compute the character of direct sums, tensor products, exterior powers,
and symmetric powers.

Exercise 10.3. If W is a representation of GL(V) and W* is the dual representa-
tion, we have

xw (B oo tn) = xw (Tt ).
In particular, the dual of a polynomial representation is typically not polynomial.
Example 10.4. e If W =V is the standard representation, then
Xv(t, . stn) =t Hla+ -+t
o If W is the determinant representation, then
Xw(tl,...,tn) :tl tztn
Exercise 10.5. (Exercise 1 on Sheet 5.) Let V' be the standard representation of
GL(n,C).
e The character of /\d V' is given by the elementary symmetric polynomial
Ealty, .. tn) = > it
1<i;<...<ig<n

(hint: use Example [9.7)).
e The character of S*V is given by the complete homogeneous symmetric
polynomial

Hy(ty,..tn) = > ity

1< <...<ig<n
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11. Irreducible representations of GL(V)

For a finite group G, every irrep is a subrepresentation of the regular represen-
tation CG. This is what we used to construct all irreps of the symmetric group.
For G = GL(V), the regular representation is not finite-dimensional, so we will
use a different strategy. Namely: we will start from the standard representation
V, take high tensor powers V®¢ and show that every irrep of GL(V) occurs as a
subrepresentation of some V' ®4.

Consider the G L(V)-representation V¥, The left action of GL(V) is given by

g- (@ Qug) =gv1 ® - Q gug.
Note that V®¢ also comes equipped with a right action of the symmetric group &4:
(V1 ® - ®Vg) - 0 = Vp(1) ® -+ ® Vg (a)-
Finally, note that these actions commute:
G @) o=g (L& Sva)-0).
In the language of Section |5t V®? is an (CGL(V),C&,)-bimodule.

Definition 11.1. Let A F d be a partition. Let T)\ be a Young tableau with un-
derlying diagram A and let ¢(T)) € C&, be the corresponding Young symmetrizer.
Then we define the Schur module

SA(V) =V ¢(Ty) = {w- c(Th) | w € VI,
viewed as a GL(V')-representation.
Remark 11.2. In the definition above we chose a Young tableau 7' = T}. Similarily
to Proposition we can see that the representation Sy (V) we defined does not

depend on the chosen tableau. Indeed: if 77 were a different tableau on A, we would
have ¢(T") = e, - ¢(T) - e5-1 for some permutation o € &4. But then

VO (T =V ey c(T) g1 =V ¢(T) - ey,
which is isomorphic to V®? . ¢(T) via right multiplication with e,.

Example 11.3. If A = (d), then ¢(T)) = >_ s, €, independent of the choice of
Tx. We see that Sy (V) € V® is spanned by the vectors of the form

Z Uo‘(l) ® Ce ® Uo‘(d)'
ceS,y

Comparing with Remark we see that Sy (V) = SV C V® is precisely the
d’th symmetric power of V.
Example 11.4. If A = (1,...,1) (where there are d ones), then ¢(T)) = 3 _ ., sgn(0)eq,
independent of the choice of Tx. Now Sy(V) C V®4 is spanned by the vectors of
the form
Z SEN(0)Vp(1) @ .. @ Vg(a)-
oeGy
Again, comparing with Remark [2.18] we see that Sx(V) = AV C V&4 is precisely
the d’th alternating power of V.

Example 11.5. Let A = (2,1), and let T be the Young tableau
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S HE]

3

b

for Example The ¢(T) = eiq+e2) — €3y — €q132), 50 SA(V) C V®3 is spanned
by all vectors of the form

V1 QU2 QU3 + V2 QU1 QU3 — V3 QU2 @ V] — V3 @V @ V2.

It turns out that, if we restrict ourselves to polynomial representations, the
Schur modules form a complete set of nonisomorphic irreps. More precisely, we
have the following:

THEOREM 11.6. Write n = dim V.

(1) The Schur module Sy(V') is zero if and only if the Young diagram \ has
more than n rows.

(2) SA(V) is an irreducible GL(V)-representation.

(3) If X and p are distinct Young diagrams with at most n rows, the repre-
sentations Sx(V) and S, (V') are not isomorphic.

(4) Every polynomial irreducible GL(V')-representation is isomorphic to some
SA(V), where A is a Young diagram with at most n rows. In other words,
we have a one-to-one correspondence

Polynomial irreps of GL(V)
up to isomorphism.

}&{(Al,...,An)eZ”/\12...2/\n20}.

In the final section of this course, we will prove part . We unfortunately
won’t have time for the other parts. We close this section with a formula for the
character of a Schur module (again without proof):

THEOREM 11.7. Let A = (A1,..., ;) be a partition with k < n parts. If
k < n, we define A\gy1 = ... = A, = 0. The character of Sx(V') is the symmetric
polynomial given by

tixl-i-n—l ti\2+n—2 . ti\n—l-‘rl ti\n
tg\l-i-n—l t§\2+n—2 . tg\n—1+1 tg\n
det( : : - : : )

ti\zl +n—1 ti\lg-‘rn—Q .. ti;n—1+1 t%n
T e |
A |

det( : : - Do )
tn—t ¢n=2 tn 1
This polynomial is known as the Schur polynomial Sy(t1,...,t,).

One can show that the Schur polynomials Sy, where A runs over all Young
diagrams with at most n rows, form a basis for the space of symmetric polynomials
in t1,...,t,. Together with the above theorem, this implies that any polynomial
G L, -representation is uniquely determined by its character. Moreover, decompos-
ing a given representation into irreducibles corresponds to writing a given symmetric
polynomial as a linear combination of Schur polynomials.
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11.1. Proof that Schur modules are irreducible. The goal of this section
is to prove the following;:

THEOREM 11.8. The GL(V)-representation Sx(V') is irreducible.

In order to prove this theorem, we define B C End(V®?) to be the algebra of
endomorphisms of U that commute with the Gg4-action:
B = Ende, (V) = {p: V¥ = V® linear | p(u-g) = p(u)-g YuecV® gec &y}
The next lemma shows that, for the purposes of our proof, we can think about

B-modules instead of GL(V')-representations.

Lemma 11.9. A subspace of V®? is a sub-B-module if and only if it is invariant
under GL(V).

PROOF. We have a natural map p : GL(V) — GL(V®%) C End(V®%) encoding
the GL(V)-action. Since the actions of &4 and GL(V) commute, the image of p is
contained in Endg d(V®d) = B. This implies that every subspace of V®¢ invariant
under B is in particular invariant under GL(V'). In order show the converse, it
suffices to show that im p linearly spans B.

For this, note that there is a natural isomorphism End(V®%) = End(V)®4, and
that B consists of all elements that are invariant under the natural right &4-action
on End(V)®4. Using the notation from Section [2} this means that B = S¢(End V)
is the d’th symmetric power of the space End V. But by Proposition we know
that this space is linearly spanned by all vectors of the form w ® ... ® w, where
w € End V. So we get the following chain of equalities of subspaces of End(V)®4:

B = S4End V)
=Span{w®...@w | w e End(V)}
=Span{fw®...@w|we GL(V)}
= Spanim p,
where the third equality follows since GL(V) is dense in End(V). O
In particular, the above lemma implies that to show Theorem it is equiv-

alent to show that Sy(V) is an irreducible B-module. We will show this in two
steps:

(1) There is an isomorphism
(11.1) S)\(V) &~ /®d Rcsy 1%\
of left B-modules, where V), is the irrep of &4 corresponding to .
(2) From the irreducibility of V) we can conclude irreducibility of Sy (V).
Both steps follow from more general statements about group algebras of finite

groups:

Lemma 11.10. Let A be a C-algebra, and ¢ € A an idempotent. Let U be a
finite-dimensional right A-module, and B = End4(U). Then the canonical map

p:U®4q Ac—=U -c
u® ac —u - (ac)

is an isomorphism of left B-modules.
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PROOF. The map is a morphism of left B-modules by construction. Surjectiv-
ity is easy: a preimage of u - ¢ is given by u ® c¢. For injectivity, note that every
element of U ® 4 Ac is of the form u® c¢. If u® ¢ € ker(¢) this means that u-c = 0.
But then in U ® 4 Ac we have the equality u ® c=u® c® = u-c® ¢ = 0, where we
used that ¢ is an idempotent. O

Applying the above lemma to A = CSy, U = V®4 and ¢ = ¢(T) yields the
desired isomorphism (|11.1)).

Lemma 11.11. Let A = CG, where G is any finite group. Let W be an ir-
reducible left G-module, and U be any finite-dimensional right A-module. Write
B =Endg(U). Then U @4 W is an irreducible left B-module.

Before we go into the proof of this, we need to say a couple of things about
right CG-modules. Through the entirety of sections Section [3] and Section [] we
could have worked with right group actions instead of left group actions: this leads
to the notion of a right G-representation. Just as usual (i.e. left) G representations
correspond to left CG-modules, right G-representations correspond to right CG-
modules. What is more, if V' is a left G-representation, we can give V* the structure
of a right G—representatiorﬂ by (8- g,v) = (8,9 -v). One verifies that V is an irrep
if and only V* is an irrep. So if {V;}ics is a complete set of nonisomorphic left
irreps of G, then {V;*};cr is a complete set of nonisomorphic right irreps of G.

Proposition 11.12. ﬂ Let V and W be representations of a finite group G. Then
the natural linear map

(11.2) Homg (V, W) < Home(V, W) = V* @c W — V* @ca W
is an tsomorphism.

PRrROOF. Consider the linear map

(11.3) V* ®cc W 2 Homg (V, W)
(11.4) Bw wﬁZw,g*ngw
geqG

This is well-defined, since ®(8-h ® w) = ®(f® h - w) and ¢(8 @ w)(h -v) =
h-®(8®w)(v) for all h € G (exercise). We now claim that ® is the inverse to our
morphism (11.2). To see this, we can choose a basis {e1,...,e,} of V and write

([1L1.2) as
Homg (V, W) 5V* @cc W
feY el fle)

2This is different from Definition where we defined the action slightly differently so it
would be a left action. For the rest of this section, V* will always denote this right representation.

3We need this proposition in the proof of Lemma the proof was skipped during the
lecture and only added later to the notes.
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‘We check that ® o ¥ = id:
(Y (f))(v) = ‘P(Z e; ® flei))(v)

ZZ ;9" - v)g- fle)

i geG

|G| dg-f Z (5,97 - v)er)

geqG

|G| > g flg

geG

S PLA

geG
= f(v).
‘We check that ¥ o ® = id:

O

Proor oF LEmMA [[T17]l We can write W = V;. Let us first consider the
case where U is irreducible as well, so we can write U = V;*. By Proposition [L1.12
we have an isomorphism

V" ®@cg Vj = Homg(V;, Vj).

But by Schur’s lemma, Homeg (V;, V;) has dimension at most one, in particular it is
irreducible.

For the general case, we decompose U = €
above we have

ser (ViF)®™i. Analogously to the

U @ce V; = @) Home (V;, V;)®™ = Homg(V;, V;)®™ = €™

iel
Moreover, using Corollary we find that
B = Ende(U) = Ende(EP (V; =~ (P Mat(n; x n;,C).

el i€l

By unwinding the definitions a bit more carefully, we see that the action of B on
U ®cq Vj corresponds to the action of Mat(n; xn;, C) on C™ by left multiplication.
This clearly has no nontrivial submodules. [
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PrOOF OF THEOREM [IT.8 Applying Lemma [I[T.11]to G = &4, W = V) and

U = V® and using (11.1) we find that Sy(V) = V& @¢g, V) is an irreducible
B-module. By Lemma it is also an irreducible GL(V')-representation. O

We can go one step further: recall from Proposition that we have an iso-

morphism of algebras
Coy = @End (V,\).
AHd

In particular this is an isomorphism of (C&4, CS4)-bimodules. But as (CS 4, CSy)-
bimodules, we have that End(Vy) = V) ®c V¥, where we view V) as a right
Gd—representationﬁ Now we can write the following chain of isomorphisms of
(CGL(V),C&,)-bimodules:

Vel =2 y®d g €&y

~ V9 ®ee, <EB End (V/\)>

AFd

=P Ve acs, (Va@c Vy)
Ard
o @ (V®d Rcs, V)\) Xc V;
AHd
= P sa(V) @c Vy.
AHd
This isomorphism
(11.5) Vel = (HS\(V) @c Vy
AHd
is known as Schur- Weyl duality. It simultaneously gives the decomposition of V®4
as a (left) GL(V)-representation, and as a right &4-representation. In particu-
lar, if in ((11.5) we forget about the &4-action, we get an isomorphism of GL(V)-
representations
Vel = (P (s, (V)T
AHd
This is the natural generalization of the isomorphism V&2 = S2V @ /\2 V from
2.16).

12. * Closing remarks and further directions

12.1. Rational representations and representations of SL(V). Once we
understand the polynomial representations of GL(V), it is only a small step to
describe the rational representations as well. Recall that polynomial irreps are in
bijection with partitions, i.e. tuples (A1,...,\,) € Z™ with Ay > ... > A, > 0. To
label the rational representations, we just need to drop this “> 0”.

Proposition 12.1. Write n = dimV. For A\ = (\1,..., ;) a partition with at
most n rows, we write A = (A1,...,A,), where A; =0 for k <i <n.

4This is a special case of the following: if A, B are C-algebras, V is a left A-module and W
is a left B-module, then V* is naturally a right A-module, Homc(V, W) is naturally a (B, A)-
bimodule, and the isomorphism Home¢ (V, W) &2 W ®¢ V* from Example is an isomorphism
of (B, A)-bimodules.
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(1) Every irreducible rational representation of GL(V) is isomorphic to Sx(V)®
Det® for some partition \ with at most n rows and some a € Z.

(2) For A = (A1,...,\n), the representation Sx(V) ® Det is isomorphic to
Sa(V), where X' = (A1 +1,..., A, + 1).

(8) There is a one-to-one correspondence

Rational irreps of GL(V) 1:1, n
{ up to isomorphism. () €2 [ = 2 pin}
given by mapping Sx(V) & Det® to the tuple (A1 + a,..., A, + a).

PROOF SKETCH. Part follows from Remark write the representation W
Pre(aij)
det(a;; )Jbu

where pye is a polynomial and by, € N. Write b = max{by¢}, then W ® Det? is a
polynomial irrep, hence W @ Det? 2 Sy (V) for some A, hence W = Sy (V) ® Det ~°

Part can be seen by computing the characters of both sides using Theo-
rem Part . then follows from the first two parts. (I

as a map GL(n,C) — GL(m,C) given by rational functions Pys(a;;) =

Remark 12.2. Closely related to GL(V') is the special linear group
SL(V)={g € GL(V) | det(g) = 1}.

For SL(V'), there is no distinction between rational and polynomial representations.
Every rational irrep of GL(V) restricts to a rational irrep of SL(V). Moreover,
every rational irrep of SL(V') arises in this way, and two irreps of GL(V) restrict
to the same irrep of SL(V) if and only if they agree up to tensoring with a power
of Det. From this we can get a one-to-one correspondence

{ Ssttlg?:érﬁzigiiz;@(v) } > {(pr, o pin1) €27 [ > oo > gy > 0}
12.2. Decomposing tensor products. One question that often arises in
practice is the following:
Given two GL(V)-irreps Sx(V) and S,(V), what is the decom-
position of the tensor product Sy(V) ® S, (V)?
In other words, we want to find the coefficients N} ,, in the decomposition

Sa(V) @8,(V) = @S, (V) &M,

By the results from the previous section, this amounts to taking a product of Schur
polynomials and writing it in the Schur basis:

Sxa(tiy - stn) - Sulti, .ot ZNM (t1,. .. tn).

The coefficients N;\/u are known as the thtlewood—chhardson coefficients; there is
a combinatorial formula for them known as the Littlewood-Richardson rule, see for
instance [FH91, Appendix A].

12.3. Omitted proofs. In Chapters [3|and [4] several proofs have been omit-
ted. Most of these can be found in Lectures 4, 6 and Appendix A of [FH91]. One
important exception is part [f of Theorem [I1.6] which states that the Schur modules
are in fact all polynomial irreps of GL(V'). The approach taken in [FH91]| to show
this goes via Lie algebras (see below), and the proof is only completed in Lecture
15. For a proof that is closer to the approach taken in this lecture, see [CB90].
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12.4. Linear algebraic groups. There are two ways to place our study of
GL(n,C) and its representations in a more general context. If you like algebraic
geometry, the natural definition to make is the following.

Definition 12.3. e An affine algebraic variety is a subset of X C C" of
the form X = {x € C" | fi(z) = ... = fr(x) = 0}, where f1,..., fr are
polynomials in n variables.

o A morphism between affine algebraic varieties X CC" and Y CC™ is a
map ¢ : X — Y that can be described by polynomials: i.e. there exist
P1,...Dm in n variables such that p(z) = (p1(x),...,pm(z)) €Y C C™
for each z € X.

e An affine algebraic group or linear algebraic group (over C) is an affine
algebraic variety G equipped with the structure of a group, such that the
multiplication map p : G X G — G and the inversion map ¢ : G — G are
morphisms of algebraic varieties.

e A morphism of affine algebraic groups is a map G — H that is both a
morphism of affine varieties and a morphism of groups.

From the above definition, it is clear that SL(n,C) is an affine algebraic variety,
and hence an affine algebraic group: we have

SL(n,C) = {M € Mat(n x n,C) | det(M) — 1 = 0} € Mat(n x n,C) = C"’
To view GL(n,C) as an affine algebraic variety, we need a little trick:
GL(n,C) = {(M,D) | det(M)-D —1 =0} C Mat(n x n,C) x C = C" +1.

This agrees with the usual definition of GL(n,C): identify an invertible matrix M
with the pair (M, (det M)™1).

Remark 12.4. In fact, it turns out that every affine algebraic group is a closed
subgroup of some GL(n,C). Some other examples of affine algebraic groups include
the additive group (C,+), the orthogonal and special orthogonal groups O(n,C)
and SO(n,C), and the symplectic group Sp(n, C).

Definition 12.5. An algebraic representation of a linear algebraic group G is a
morphism G — GL(m,C) of linear algebraic groups.

In the case G = GL(n,C) or G = SL(n,C), this agrees with our definition of

rational representation.

12.5. Lie groups and lie algebras. The differential-geometric viewpoint is
to see GL(n,C) not as a linear algebraic group, but as a complex manifold. This
leads to the notion of a Lie group. The remainder of our main reference [FH91|
is devoted to the representation theory of Lie groups and Lie algebras. I will here
attempt to give a very brief idea of what this is about and how it relates to what
we have been doing.

Definition 12.6. A complex Lie group is a complex manifold G equipped with the
structure of a group, such that the multiplication map u : G X G — G and the
inversion map ¢ : G — G are morphisms of complex manifolds. A morphism of
complex Lie groups is a map G — H that is both a morphism of complex manifolds
and a morphism of groups.
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Remark 12.7. If in the above we replace “complex manifold” with “smooth man-
ifold”, we obtain the definition of a real Lie group.

It turns out that an affine algebraic variety is always smootlrEl, and therefore
a complex Lie group. In particular, SL(n,C), GL(n,C), and the examples from
Remark [12:4] are complex Lie groups.

Definition 12.8. A Lie group representation of a complex Lie group G is a mor-
phism G — GL(n,C) of complex Lie groups.

Remark 12.9. Every morphism of linear algebraic groups is a morphism of Lie
groups, but not the other way around. In particular, for G a linear algebraic group,
there can be Lie group representations of G that are not algebraic. For instance,
take G = (C,+) and the map G — GL(1,C) : z — e®. However, as we will see
below, for G = GL(n,C) every Lie group representation is in fact algebraic.

Given a Lie group G, one can take the tangent space T.G at the identity
element, which is just a vector space. It turns out that the group operation on G
endows TG with an operation [, -] : T.G x T.G — T.G called the Lie bracket. This
gives T.G the structure of a so-called Lie algebra, which is typically denoted Lie(G)
or simply g.

Definition 12.10. A Lie algebra is a vector space g together with a bilinear oper-
ation [-,-] : g X g — g such that

e [X,X]=0forall X €g,

o [X.[V,Z)) +[Z,[X, Y] + [¥[Z,X] = 0 for all X,V, 7 € g.

It would take me a bit too much time to explain the geometric construction
of the Lie bracket on Lie(G) from the group structure of G. However, I can tell
you what the Lie bracket is for every Lie algebra you will ever encounter: For
G = GL(n,C), we have T.G = Mat(n x n,C) =: gl,,. The Lie bracket in this case is
the commutator: [X,Y] = XY — Y X. More generally, if G is a closed subgroup of
GL(n,C) (for instance SL(n,C), SO(n,C), ...), then there is a natural inclusion
T.G C Mat(n x n,C), and the Lie bracket is still given by the commutator.

Definition 12.11. A Lie algebra representation is a morphism g — gl, of Lie
algebras; i.e. a linear map g — Mat(n x n, C) such that

e([X,Y]) = o(X) - o(Y) — o(Y) - o(X).

THEOREM 12.12. If G is a simply connected Lie group, then there is a one-to-
one correspondence between Lie group representations of G and Lie algebra repre-
sentations of Lie(G).

If we want to apply this to our favorite group G = GL(n,C), we run into

the problem that GL(n,C) is not simply connected. However, SL(n,C) is simply
connected. After spending some time analyzing the Lie algebra sl,, one can show

THEOREM 12.13. Every representation of s, is isomorphic to Sx(C"), for A a
partition with at most n — 1 parts.

Then Theorem [12.12| implies that every Lie group representation of SL(n,C) is
isomorphic to Sy (C™), foe A a partition with at most n— 1 parts. This then implies
the corresponding result for GL(n,C) with relatively little extra effort.

5This follows from the fact that G acts transitively on itself by left multiplication. So if G
had a singularity then every point would be singular, which cannot happen.
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